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Abstract

The presence of defects in the structure requires noticeable attention and understanding of
fracture mechanisms in brittle materials has to be established. Defects in the form of
holes, macro- and micro-cracks are the main interest of this paper. This work investigates
the dual role of holes and micro-crack arrays on toughening and degradation mechanisms
in concrete structures. An ordinary state-based peridynamics (PD) model is utilized to
analyse the fracture problem at the micro-level. The application of PD shows its advantage in crack-hole, macro- and micro-crack interaction problems since PD can accurately
predict the contribution of defects on structural behaviour. The study of the three-point
bending problem with five types of holes existing in the structure showed the crack arrest
phenomena at the hole boundary and the “attraction” of the crack to propagate towards
the hole. For the study of the macro- and micro-cracks interaction problem, various cases
of the micro-crack distribution and inclination angles are considered and validated with
analytical studies. The PD quasi-static simulations show good agreement with analytical
solutions. Moreover, PD dynamic solutions show the capability of PD to capture complex
crack propagation paths. It is observed that the presence of micro-cracks and holes ahead
of the main crack can suppress its further propagation as well as have an influence on the
crack propagation direction. The numerical results demonstrate the efficiency of the PD
modelling of multiple crack interaction problems.
Keywords Peridynamics . Brittle fracture . Defects . Micro-cracks . Nonlocal

1 Introduction
The failure of engineering structures has always been a topic of engineering practice. One of
the common types of mechanical failure is a brittle fracture [1–4]. Mechanical failure and
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defects in brittle materials can lead to weakening and the sudden collapse of the structure.
Considering that the brittle materials, such as concrete, ceramics and rocks, are widely used in
various industries, it is important to investigate their structural behaviour. Brittle materials can
consist of randomly distributed small-size defects such as voids, micro-cracks and holes [5].
These defects can have a significant influence on the propagation behaviour of macro-cracks.
There have been various experimental studies in the literature which investigate the interaction
between macro-cracks and small-size defects [6–9]. Different studies suggest that the existence
of micro-cracks can lead to “micro-crack toughening phenomena” [10–12]. The presence of
micro-cracks can act as the suppressors of the macro-crack propagation and contribute to the
increase of the fracture zone [13]. Moreover, depending on the distribution, distances, sizes
and inclination angles of micro-cracks, micro-cracks interacting with a macro-crack can lead to
stress shielding effects with the decrease of stress intensity factor (SIF) [5, 11, 14]. Multiple
analytical studies were performed for problems with a single micro-crack ahead of the main
crack [15], the interaction between the main crack with multiple micro-crack arrays [11] and
the surrounding micro-cracks [16]. The applied methods analyse the stress fields ahead of the
crack tip, characterised by K0S for the models with a single macro-crack and KISIF for various
distributions of micro-cracks, and describe the macro- and micro-crack interaction by using the
parameter KI/K0. The parameter KI/K0 is helpful to identify if micro-cracks enhance or
suppress the macro crack propagation and is very useful for understanding the complex
structural behaviour with defects. Besides, when the plate consists of both macro- and
micro-cracks, micro-cracks can have influence on the main crack propagation behaviour where
the main crack follows the orientation of micro-cracks. The classical continuum mechanics
based approaches were used to solve the complex problems of crack interactions, but
assumptions were made to simplify the problem. For example, analytical calculations include
only the interaction of the main crack with micro-cracks, but the mutual interaction between
the micro-cracks is neglected [17, 18].
On the other hand, the studies of the crack-hole interaction resulted in the momentary crack
arrest phenomena [19, 20]. These studies showed that the fracture in the specimen was
momentarily interrupted for several microseconds, then reinitiated usually with the increased
crack propagation speed. Such behaviour is noticed in the structure when the hole defects are
present ahead of the propagating crack. The location and dimensions of the holes, loading rates
have an effect on whether propagation of the crack can be stopped or it can propagate through
the holes. It was investigated that when the hole lying eccentrically at some distance from the
axis of the main crack, the propagating crack deflects towards the hole and then recovers its
initial trajectory. As concluded by authors in [19], the asymmetry of the stress field in the area
of the hole resulted in the curvature of the propagating crack with the crack arrest phenomena.
The change of the parameter KI/K0 was also discussed in [21] by mentioning that the values of
the SIF are increasing during the crack arrest period. An integral equation approach was
proposed in [22] to investigate the hole-crack arrangements and stated that the distribution of
holes can lead to the toughening phenomena in the structure as well. Therefore, the sizes and
distribution of the holes have a major impact on stress reduction or amplification.
The problem of the presence of defects in the structure has attracted significant interest in
the literature. Although experimental fracture analyses are very valuable, experimental tests
can be costly and the laboratory experiments have to be carefully controlled to obtain accurate
results. On the other hand, numerical tools are an effective alternative to experiments for
studying fracture behaviour and mechanisms. Finite element method (FEM) was used to
predict brittle fracture and simulate crack propagation and branching. FEM is based on

Journal of Peridynamics and Nonlocal Modeling

classical continuum mechanics equations which are in the form of partial differential equations. To simulate crack propagation, the tracking of the crack surface is required. Moreover, it
is necessary to determine the crack propagation direction and evaluation of the stress intensity
factors for the crack [23, 24]. Moreover, FEM is mesh-dependent and requires to remesh the
model after each propagation increment to solve the problem of the crack growth. To
overcome these difficulties, the extended finite element method (XFEM) was developed to
solve problems containing discontinuities like cracks [25, 26], where the crack is modelled
independently of mesh. XFEM has been successfully applied to a number of macro- and
micro-crack interaction problems [27–29], but still requires to formulate the position and the
shape of the crack tip.
As an alternative, a new numerical method for fracture analysis, peridynamics (PD), was
developed by Silling in [30] which overcomes the limitations of classical continuum
mechanics. PD models use integro-differential equations instead of partial differential
equations as in classical continuum mechanics. PD formulation allows to deal with complex crack interaction problems where multiple cracks of arbitrary shapes can be introduced
in the structure, and tracking of the crack tip location and crack behaviour is not necessary.
For this reason, original “bond-based” PD has been successfully applied to brittle fracture
problems to predict crack nucleation and propagation [31–34] as well as the main crack
interacting with micro-cracks [35, 36]. However, the wide application of the “bond-based”
PD [37] model has limitations in the specification of material properties since Poisson’s
ratio is constrained to 1/3 in the 2D models and 1/4 in the 3D models. To eliminate this
limitation, ordinary state-based PD was proposed by Silling et al. [38]. The improved
ordinary state-based PD model provides more realistic results when Poisson’s ratio is
different than 1/3 for 2D models and 1/4 for 3D models.
In this study, ordinary state-based PD model is used to investigate the influence of smallsize defects on the propagation of macro-cracks in brittle materials. In “Section 2”, ordinary
state-based PD is briefly introduced. In “Section 3”, the PD simulations are presented for a
crack-hole interaction problem under three-point bending loading. First of all, the PD model is
verified with finite element analysis (FEA) and validated with experimental results [39], where
five types of hole defects are allocated in the plate. Secondly, the validated PD model is
applied for the prediction of mechanical failure in a concrete structure. In “Section 4”, PD
simulations are performed for the main crack interacting with the micro-cracks problem. Five
different cases of micro-crack presence under quasi-static boundary conditions (BCs) are
presented and the determined critical loads are compared against analytical solutions [17].
Considering the importance of the micro-cracks on main crack propagation behaviour, the
influence of the parameter KI/K0 on critical load is analysed to understand the “micro-crack
toughening phenomena”. Furthermore, the PD models with varying micro-crack distribution
and orientation are analysed under dynamic BCs. The obtained PD numerical results of crack
propagation patterns and crack propagation speeds are presented. Finally, the conclusions are
given in “Section 5”.

2 Peridynamic Formulation
The ordinary state-based PD introduced by Silling [40] is a reformulation of the fundamental
equations of continuum mechanics equations which are particularly suitable to solve problems
including discontinuities. PD uses integro-differential equations instead of partial differential
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equations as in classical continuum mechanics. This widens the possibility of solving fracture
mechanics problems, including cracks initiation and propagation [41].
The peridynamic equation of motion can be written in the form of the integro-differential
equation as follows:
 0
 
 0
::
0
0
0
ð1Þ
ρuðx; t Þ ¼ ∫ t u −u; x −x; t −t u−u ; x−x ; t dV þ bðx; t Þ
H

which can be discretized as follows:
N 




::
ρðiÞ uðiÞ ¼ ∑ tðiÞð jÞ uð jÞ −uðiÞ ; xð jÞ −xðiÞ ; t −t ð jÞðiÞ uðiÞ −uð jÞ ; xðiÞ −xð jÞ ; t V ð jÞ þ bðiÞ

ð2Þ

j¼1

::

from which the acceleration uðiÞ of the material point i at time t can be obtained. Each material point i
interacts with other material points j within its horizon H xðiÞ with a total number N of the family
members for the point i, as shown in Fig. 1. The coordinates of a material point are represented as x
with the incremental volume V . u, b and ρ denote displacement vector field, body load and mass
density of the material point, respectively. Conducting the simulations for 2-dimensional problems,
the horizontal and vertical displacements are addressed as u and v, respectively.
In the ordinary state-based PD, interacting material points can exert forces on each other
with unequal magnitudes [42] and for the interacting material points i and j, peridynamic force
densities can be defined as follows:

Fig. 1 Peridynamic material points and interaction of material points i and j
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(

t ði Þð j Þ

ΛðiÞð jÞ
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xð jÞ −xðiÞ 
(

t ð j Þði Þ

)

ΛðiÞð jÞ
 aθð jÞ þ 2δbsðiÞð jÞ
¼ −2δ d 
xð jÞ −xðiÞ 

yð jÞ −yðiÞ

 

yð jÞ −yðiÞ 

)

yð jÞ −yðiÞ

 

yð jÞ −yðiÞ 

ð3Þ

ð4Þ

where δ is the horizon size; a, b, d are the peridynamic parameters; s is the stretch between
material points; and θ is dilatation, which can be expressed as follows:
θðiÞ ¼ dδ∑Nj¼1 ΛðiÞð jÞ sðiÞð jÞ V ð jÞ
and the parameter Λ(i)(j) is defined as follows:
0
1
B yð jÞ −yðiÞ  C
ΛðiÞð jÞ ¼ @ 
A 
yð jÞ −yðiÞ 

x −x
 ð j Þ ði Þ 
xð jÞ −xðiÞ 

ð5Þ

!
ð6Þ

Once a material point displaces to a new location as a result of deformation of the structure, its
new location is specified as y in the deformed configuration, as shown in Fig. 2.
Peridynamic parameters a, b, d can be related to material constants of classical
continuum mechanics by equating strain energy density of a material point inside a body
subjected to isotropic expansion and simple shear loading conditions calculated from
classical continuum mechanics and PD [42]. In this paper, a 2-dimensional model with

Fig. 2 Peridynamic material points i and j in the deformed configuration and the peridynamic forces between
these material points
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plane stress conditions is used, where the plate is discretised with a single layer of
material points in the thickness direction. Therefore, the PD parameters are expressed in
terms of bulk modulus, κ; shear modulus, μ; thickness,h; and horizon size, δ, for a 2dimensional problem as follows:
a¼

1
6μ
2
ðκ−2μÞ; b ¼
;d ¼
4
2
πhδ
πhδ3

ð7Þ

The stretch between material points i and j can be expressed as follows:
 




yð jÞ −yðiÞ −xð jÞ −xðiÞ 


sðiÞð jÞ ¼
xð jÞ −xðiÞ 

ð8Þ

The failure parameter introduced by Silling and Bobaru [43] includes a history-dependent
scalar-valued function μ to represent broken interactions (bonds) between material points



0
0


1 if sðiÞð jÞ xð jÞ −xðiÞ ; t < sc for all 0 < t
μ xð jÞ −xðiÞ ; t ¼
ð9Þ
0
otherwise
In Eq. (9),sc is the critical stretch [42] which can be expressed for a 2-dimensional problem as
follows:
vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u
Gc
u
ð10Þ
sc ¼ u
16
t 6
μ þ 2 ðκ−2μÞ δ
π
9π
where Gc is the critical energy release rate.
The local damage of the material point i, ranges from 0 to 1, can be defined as follows:
N


∑ μ xð jÞ −xðiÞ ; t V ð jÞ



φ xðiÞ ; t ¼ 1− i¼1

N

ð11Þ

∑ V ð jÞ

i¼1

3 Influence of the Hole Defects on Crack Propagation in Three-Point
Bending Test
In this section, a three-point bending test is considered to analyse the crack propagation
behaviour when hole defects are existing in the structure. Firstly, the PD model under static
load is verified with FEA to set up the boundary conditions. Secondly, the solution is presented
for crack propagation behaviour under dynamic loading with the presence of the defects. Five
different types of holes are selected for the numerical analysis. The effect of the hole in the
structure is investigated for a PMMA plate in order to verify the numerical PD model with the
experimental tests [39]. Besides, the validated model is applied on a concrete plate for a crack
behaviour analysis.
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A series of PD simulations are conducted to study the influence of Young’s modulus,
density, Poisson’s ratio and fracture energy on crack behaviour in the presence of hole defects.
Moreover, the influence of hole dimensions on crack propagation and crack arrest phenomena
is investigated. Finally, the impact of different velocity boundary conditions (BC) on the crack
path and crack propagation speed is analysed.
The explicit time integration scheme is used for all PD simulations. To achieve a stable
solution, time step size Δt has to be identified. For quasi-static problems (“Section 3.1”), the
adaptive relaxation technique [41] is used to reach the steady-state solution and time step size
Δt = 1is utilised as suggested in [41]. For dynamic problems with propagating crack in a
system, the stability criterion on Δt was introduced in [40] and used for the “Sections 3.2 and
3.3” of the presented work. Taking into account that stable time step size is dependent on
horizon size, which is δ = 3.015Δx, and effected by the mass density of the material, all
dynamic computations in “Section 3” on PMMA are performed with Δt = 0.072μs, while for
concrete with Δt = 0.057μs.

3.1 Benchmark Problem
A rectangular plate with a length of L = 0.2 m, a width of W = 0.05 m and thickness of h =
0.005 m in Fig. 3a is subjected to three-point bending loading. The supports are located Ls =
0.14 m from each other. The pre-existing crack of 2a = 0.005 m is located at the bottom edge
of the plate. The following material properties of the PMMA plate are specified: Young’s
modulus, E = 6.1 GPa and Poisson’s ratio, ν = 0.31.
The plate is subjected to the displacement constraints of v(x, y = W, t) = 5 × 10−3 m and fully
fixed supports at y = 0. BCs are enforced in the following way (Fig. 3b.):


u f x f ; y f ; t þ Δt ¼ 0

at −2Δx ≤x≤2Δx



v f x f ; y f ; t þ Δt ¼ −vðx; y; t þ Δt Þat

withx f ∈R f ð−2Δx ≤ x ≤ 2ΔxÞ

W ≤y ≤W þ δ

ð12Þ

withy f ∈R f ðW ≤ y ≤ WþδÞ ð13Þ



u f s x f s ; y f s ; t þ Δt ¼ 0

ð14Þ



v f s x f s ; y f s ; t þ Δt ¼ 0

ð15Þ

Displacement boundary conditions are applied at the fictitious region Rf located in the middle
of the top edge of the plate. The PD model is discretised with 430 material points with uniform
spacing between them Δx = 0.005 m and horizon size of δ = 3.015Δx. A total time step of
2000 is sufficient to reach the quasi-static loading condition by means of adaptive dynamic
relaxation method with a time step size of Δt = 1 s [41]. The supports are set up as a fully fixed
displacement and velocity BC in a fictitious region R f s at the bottom side of the plate. The
width of the R f s regions are equal to the horizon size of δ = 3.015Δx. The peridynamic results
are compared against FEA results obtained by using ANSYS, a commercial finite element
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Fig. 3 a Pre-cracked rectangular PMMA plate under bending loading and b its discretisation

software. As shown in Fig. 4, the PD results are in good agreement with FEA results for the
displacements along the centre lines of the plate.

3.2 Hole Defects in PMMA
PMMA plate considered in the previous case (“Section 3.1”) is further investigated under
dynamic loading conditions and including a pre-existing crack, as shown in Fig. 5 [39]. The
pre-existing crack of 2a = 0.005 m is located at the bottom edge of the plate and five cases are
selected with different values of the hole radius R: R = 0, only pre-existing crack is allocated,
R = 0.002 m, R = 0.003 m, R = 0.004 m, R = 0.005 m. The hole is located at a distance of dx =
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Fig. 4 Displacement variations along the centre lines a u (x, y = 0) and b v(x = 0, y)
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Fig. 5 Pre-notched rectangular PMMA plate with a hole defect under bending

0.003 + R m and dy = 0.025 m from the origin of the main coordinate system located at the
bottom of the crack. Velocity boundary conditions of (a) v̇ ¼ 3 m=s and (b) v̇ ¼ 5 m=s are
applied at the fictitious region at the top edge of the plate (Fig. 3b) as following:


ð16Þ
u f x f ; y f ; t þ Δt ¼ 0 at −2Δx ≤x≤2Δx withx f ∈R f ð−2Δx ≤ x ≤ 2ΔxÞ


v f x f ; y f ; t þ Δt ¼ −v̇ðx; y; t þ ΔtÞ  Δt
þδ

at

withy f ∈R f ðW ≤ y ≤ WþδÞ

W ≤y≤W
ð17Þ

The PD models are discretised with 160,000 material points with uniform spacing between
them Δx = 0.00025 m and horizon size of δ = 3.015Δx. Uniform time step size of Δt =
0.072μ s is used. The critical stretch is specified as sc = 0.01072 corresponding to an energy
release rate of G0 = 220 J/m2.
The crack propagation behaviour for different loading conditions from PD analysis
is shown in Fig. 6a, b. When there is no hole defect in the structure, the crack
propagates in a self-similar fashion. On the other hand, when hole defects are
allocated in the structure, the crack path changes and deflects towards the holes.
The same pattern of crack propagation is noticed during the experimental tests [39],
shown in Fig. 6c. A higher deflection is observed for larger holes where the crack
approaches the defect and after propagating close to the defect, it restores its original
path. A curved crack trajectory can be noticed which is almost symmetrical with
respect to the local axis of the hole. For both velocity BC, the crack moves towards
the hole and then it is momentarily arrested at the boundary of the hole without
intersecting with the hole. It then moves further towards the location of the applied
BC [19].
The crack propagation speed is evaluated and calculated as follows:
V¼

xp −xp−1
t p −tp−1

ð18Þ

Journal of Peridynamics and Nonlocal Modeling

Fig. 6 PD Damage maps of the PMMA plate with different values of the hole radius R and under velocity BC: a
v̇ ¼ 3 m=s at time t = 360μs and b v̇ ¼ 5 m=s at t = 230μs; c crack paths from the experimental study [39]

where xpandxp − 1 are the crack tip position at the current time tp and previous time tp − 1,
respectively.
Figure 7a shows the variation of the crack propagation speed with increase in crack growth
for velocity BC of v̇ ¼ 3 m=s when a hole with a radius of R = 0.005 m is inserted on the
structure. It can be noticed that the crack propagation speed increases to the value of V =
500 m/s as the crack tip is at x = 0 m, y = (dy − 0.01)m with the crack approaching the hole. As
the crack propagates further and the crack trajectory approaches to the hole, the crack
propagation speed gradually decreases up to V = 100 m/s. When the crack tip location is at
x = 6 × 10−4m, y = dy = 0.023 m (the local axes of the hole is at dx = 0.007 m, dy = 0.023 m)
with the crack is being arrested for around 10μs (Fig. 7b) and then recovers its original
trajectory with continually increasing speed. A similar variation of the crack propagation speed
is noticed for the velocity BC of v̇ ¼ 5 m=s (Fig. 7a) where the crack propagation speed is
higher and reaches V = 600 m/s. Furthermore, the crack is curving towards the hole with a
gradually dropping speed to V = 250 m/s, and after a very small crack arresting period of 3μs
(Fig. 7b), it leads to further recovery of the crack speed while propagates away from the hole.
The phenomena of the crack arrest were noticed in the multiple tests [19, 20], where the crack
propagation behaviour is very similar to the results achieved by PD simulations. It is not easy
to detect the crack arrest phenomena as the crack arrest period is very short. Moreover, it can
be noticed that the crack arrest is force dependent (Fig. 7b) with the increased delay of crack
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Fig. 7 PMMA plate with the hole radius of R = 0.005 m under velocity BC of v̇ ¼ 3 m=s and v̇ ¼ 5 m=s: a
Variation of the crack propagation speed with increasing crack growth distance. b Variation of the crack length
with time. c Variation of the crack propagation speed and time with increasing crack growth distance for PMMA
plate with the hole radius of R = 0.003 m under velocity BC of v̇ ¼ 3 m=s
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propagation for lower velocity BC. Additionally, Fig. 7c shows the results of the crack
propagation speed and time when velocity BC of v̇ ¼ 3 m=s is applied on a plate with a hole
radius of R = 0.003m. In this case, the crack arrest is more clear and is around 13μs starting at
the time t = 148μs when the crack tip is at dy = 0.023m. At the same moment, the crack
propagation speed is dropping to V = 110 m/s with further recovery. One of the reasons for the
clear crack arrest period can be that the crack propagates as a straight line and deflects only
towards the hole (Fig. 6a, R = 0.003m).

3.3 Hole Defects in Concrete
PD simulations of PMMA material showed good agreement with experimental tests for the
crack propagation behaviour in the structure including a hole defect as described in
“Section 3.2”. Having this in mind, another type of brittle material, concrete, is considered
for fracture analysis for the three-point-bending problem. The dimensions of the rectangular
plate, the sizes and location of the defects are selected the same as described in “Section 3.2”.
The following material properties of the concrete are specified: Young’s modulus of E =
17 GPa, Poisson’s ratio of ν = 0.15 and the energy release rate of G0 = 110 J/m2. The PD
models are discretised with 160,000 material points with uniform spacing between them Δx =
0.00025 m and horizon size of δ = 3.015Δx. Uniform time step size of Δt = 0.057μs is used.
For the application of the boundary conditions, the fictitious region approach is used, as
shown in Fig. 3b. Eqs. 16 and 17 are used for specifying velocity BCs in the region Rf and
fully fixed BCs (Eqs. 14 and 15) representing the lower supports are applied in the area R f s .
The concrete plate is subjected to three different velocity BCs: (a) v̇ ¼ 0:5 m=s, (b) v̇ ¼ 0:75
m=s and (c) v̇ ¼ 1 m=s.
Figure 8 represents the damage maps for concrete plate subjected to the bending
loading. Five cases are analysed with a varying radius of the hole defects: R = 0, only
pre-existing crack is allocated, R = 0.002 m, R = 0.003 m, R = 0.004 m, R = 0.005 m. The
fracture behaviour of the concrete plates is similar to the PMMA material where the
crack is curving towards the holes and increase in hole radius leads to an increase in
curvature of the crack. Moreover, the existence of a hole in the plate influences the crack
propagation speed and evaluating the crack speed at the location of the crack tip at y =
dy = 0.025 m (area of curvature) demonstrates a decrease in crack speeds with an
increase in hole radius. The propagation speed of the crack towards the location of the
applied velocity BC is presented in Fig. 9a. The arrest mechanism in the concrete
structure with the presence of the holes ahead of the propagating crack can be noticed
(Fig. 9b). The period of the crack arrest in Fig. 9b is very small and after the crack
propagates away from the hole, the crack propagation speeds are even higher than the
crack speeds before the crack arrest. For all simulations, a constant increase in crack
propagation speed is observed first. However, as the crack approaches closer to the hole
approximately 0.01 m behind the location of the hole, i.e. the crack tip is at x = 0 m,y =
(dy − 0.01)m, leads to the curvature of the main crack and a gradual drop of speed on
average by 70%.
Numerical results utilizing PD showed a similar pattern of brittle fracture with the existence
of the holes in the pre-cracked plate under three-point-bending conditions. The crack is
propagating very fast towards the location of the load application with the crack propagating
speeds reaching up to V = 600 m/s for the load cases of v̇ ¼ 5 m=s for PMMA and v̇ ¼ 1m=s
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Fig. 8 Damage maps of the concrete plate with different values of the hole radius R under velocity BC: a v̇ ¼ 0
:5 m=s at time t = 485.56s, b v̇ ¼ 0:75 m=s at t = 285.63 s, c v̇ ¼ 1 m=s at t = 228.5 s

for a concrete plate. On the other hand, more brittle material as concrete showed faster crack
propagation under lower velocity boundary conditions.

4 Influence of Micro-cracks on Crack Propagation in a Plate
Under Tension Loading
In this section, the impact of the micro-cracks on the main (macro-) crack behaviour is
analysed. The geometric parameters characterising the interaction of the macro- and microcracks are the dimensions of the cracks, distances between the micro-cracks and the orientation
of the micro-cracks.
The PD model consists of a macro-crack with a size of a = 0.045 m at the left side of the
plate (Fig. 10a). Five different cases of distributed micro-cracks are considered with a length of
ac/a = 0.1. The distances between the micro-cracks are a/s and a/r with s = r = 3, and they are
located in front and/or around the macro-crack tip, as shown in Fig. 11. For each of the cases
from (a) to (e), micro-crack configurations are analysed with the crack inclination of α varying
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Fig. 9 Concrete plate with the hole radius of R = 0.005 m under different velocity BC: a Variation of the crack
propagation speed with increasing crack growth distance. b Variation of the crack length with time

from 0° to 90°. Micro-cracks are regularly located in +y and/or –y domains and/or in front of
the main crack tip.
The geometric parameters of the concrete plate are selected as the length of L = 0.22 m,
width of W = 0.31 m and thickness of h = 0.003 m with material properties Young’s modulus
of E = 17 GPa and Poisson’s ratio of ν = 0.15.
PD simulations are performed under an explicit time integration scheme with a stable time
step size of Δt = 1 for quasi-static problems (“Section 4.1”) by means of the adaptive
relaxation technique [41]. For dynamic PD simulations, Δt = 0.2μs is used [40] in
“Section 4.2”. The stability criterion for concrete plate in “Sections 3.2 and 4.2” differs
because of the dependency on horizon size δ = 3.015Δx and spacing between the points is
selected as Δx = 0.0005 m, instead of Δx = 0.00025 m.
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Fig. 10 Sample geometry: a square plate with a macro-crack under quasi-static loading; b spatial discretisation of
the square plate with a macro-crack under body force density boundary conditions
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Fig. 11 Micro-crack distribution diagrams: a micro-cracks surrounding the main crack tip; b micro-cracks ahead
of the crack tip; c asymmetrical arrangement of micro-cracks (+y domain) ahead of the main crack tip; d a set of
micro-cracks ahead of the crack tip; e single micro-crack ahead of the main crack tip

4.1 Critical Load Evaluation for a Plate-Containing Micro-Cracks
The purpose of this section is to investigate if the presence of the defects ahead of the macrocrack tip facilitates its further propagation. In order to achieve this, five micro-crack distribution cases (Fig. 11) are considered. The plate is loaded symmetrically by applying quasi-static
tensile loading in the y-direction (Fig. 10a). Based on the convergence study, with an applied
time step size of Δt = 1 s, a total time step of 3000 is sufficient to reach the quasi-static loading
condition by means of adaptive dynamic relaxation (ADR) method [41]. After applying an
initial loading of F = 90 N and reaching the steady-state solution the applied force is increased
by ΔF = 1 N for each 3000 time steps. The stretch of the bonds between material points is
evaluated and when the first bond is broken if the stretch exceeds the critical stretch, i.e. s > sc,
the applied force is referred to as the critical load p. The critical loads are identified as p0 for a
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plate with only single macro-crack and p* for the plate with a macro-crack and distributed
micro-cracks.
The PD model is discretised with 69,520 material points (Fig. 10b) with uniform spacing
between them Δx = 0.001 m and δ = 3.015Δx. A quasi-static loading is applied as a body force
density:
by ¼

F
ΔV Δ

ð19Þ

where ΔVΔ is the volume of the boundary layer, ΔVΔ = 1.98 × 10−6m3 .
The PD numerical models are analysed based on the relationship between the SIF of the
case with a macro-crack K0 and cases including micro-cracks K* for all PD numerical models.
First, constant fracture energy of G0 = 570 J/m2is considered for all cases. In this respect, the
numerical model is evaluated under constant critical stretch-based criteria, s*c ¼ sc ¼ 0:0038
for all five cases of micro-crack distributions with s*c , as well as for the case with only one
macro-crack with sc. Furthermore, critical stretch is not influenced by micro-crack configurations and crack inclination angles α varying from 0° to 90°.
The results of the PD simulations are presented in Fig. 12 based on the ratio of the critical
loads p* and p0. Although a similar pattern of the micro-crack influence on main crack
propagation is noticed by analytical solutions [17], analytical results have lower ratios of the
critical loads for the inclination angles from 0° to 45° compared to the PD simulations. The
reason for the difference in the critical loads is the critical stretch which is constant in all PD
simulations. The authors in [44] illustrate that the stress intensity factor is decreasing when the
main crack is surrounded by multiple micro-cracks. Furthermore, Kachanov [11, 14] showed
the influence of the micro-crack arrays and the inclination of the cracks on the geometry, which
results in shielding effects or weakening.
Kachanov [14] evaluated two configurations of the micro-crack distributions: collinear
cracks and stacked ones. He demonstrated in his work that the collinear cracks showed the
stress amplification effect, which leads to an increase of SIF; contrary, the stacked

Fig. 12 The ratios of the critical loads as a function of micro-crack orientation when constant critical stretch is
considered for micro-crack distribution cases from (a) to (e). Markers present the PD scatter data and solid
lines—PD polynomials for cases from (a) to (e)
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configurations showed the stress shielding effect with the decrease of SIF. The further
evaluation of the distributed cracks by Kachanov showed the influence of the crack dimensions and distances on the amplifying or shielding outcome and depending on the crack
distributions this two phenomena can compete. The author states that for traction BC (mode I),
if the distances between the collinear a/s and stacked a/r configurations are higher than the
length ac of the cracks, the shielding effect is dominant. In order to get the amplifying effect of
the cracks in the structure, the distance a/s should be much smaller than a/r [14]. In addition,
other factors have an influence on the SIF, such as the crack number in the periodic coplanar
row of cracks, periodic stack of parallel cracks and the rotation of the cracks. According to
Kachanov, with the increased number of parallel stack cracks the SIF is decreasing, instead of
for the coplanar row of cracks, SIF is increasing and K*/K0 ≈ 1. Moreover, the distribution of
the micro-cracks around the main crack brings stress shielding effect. Similar effects of the
arrays on the macro-crack tip, causing SIF amplification is found by multiple authors [15, 45,
46]. When the micro-cracks are rotated by 900 ≥ α > 0, high impact is noticed of micro-cracks
on macro-crack. The surrounding distribution of the micro-cracks leads to increase of SIF with
the micro-crack rotation from 0° to 90°.
Evaluating the selected micro-crack distribution diagrams for PD analysis, the distances
between the micro-cracks are bigger then the length of the cracks a/s ≫ ac and the effect of the
shielding are dominant in the structure. Thus, SIF for the cases, including micro-cracks should
be smaller than the cases with only one macro-crack, resulting K* < K0. Considering the
outcome of the analytical solutions from [14] for the impact of the micro-cracks with rotational
angles α = 0 degrees on SIF of the macro-crack tip, the following relationships K*/K0 are
considered in the PD model: (a) K*/K0 = 0.90, (b) K*/K0 = 0.84, (c) K*/K0 = 0.93, (d) K*/K0 =
0.96, (e) K*/K0 = 0.98..
The selected K*/K0 are implemented in the numerical model by factorising the critical
stretch values by K*/K0 ratios, where s*c < sc . Furthermore, to include in PD model the
influence of the micro-crack inclinations on a macro-crack tip, critical stretch ratios are
gradually increasing, resulting for the cases at α = 90deg: (a)–(c) s*c ≈0:0036,
(d)–(e)s*c ≈sc ¼ 0:0038. The difference in the applied critical stretch values between the
cases (a)–(c) and (d)–(e) is resulted by the location of the micro-cracks, as the micro-crack
distribution behind and above the macro-crack tip with the angle of rotation α = 900 leads
to K*/K0 < 0.96 [14]. The employment of the relationship of K*/K0 in the PD model
(Fig. 13) showed more reasonable results compared to the analytical solution [17] which
confirms the dependency of the crack propagation on micro-crack distribution and deviation angle.

4.2 Crack Propagation Behaviour in a Plate-Containing Micro-cracks
According to the study in “Section 4.1”, the influence of the micro-cracks on SIF of the macrocrack tip and their impact on the critical load is numerically demonstrated. The interest of this
section is to evaluate the influence of the micro-cracks on macro-crack propagation behaviour
and speed. To calculate the crack propagation speeds, the concrete plate in Fig. 14a is subjected
*

to dynamic BCs and loaded symmetrically by applying velocity constraints of v̇ ¼ 0:4 m=s
on the plate edges at y ¼ W =2 and y ¼ −W =2 . The boundary conditions, proposed in [47], is
applied to the fictitious boundary layer Rf. The size of the Rf region is equal to the horizon size,
which is δ = 3.015Δx. The BCs are enforced as follows:
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Fig. 13 The ratios of the critical loads as a function of micro-crack orientation when K∗/K0 for micro-crack
distribution cases: (a) K∗/K0 = 0.90, b K∗/K0 = 0.84, (c) K∗/K0 = 0.93, (d) K∗/K0 = 0.96, (e) K∗/K0 = 0.98. Markers
present the PD scatter data, dashed lines—PD polynomials for cases from (a) to (e), and solid lines—analytical
solution for the cases from (a) to (e)
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The PD model in Fig. 14b is discretised with 272,800 material points with uniform spacing
between them Δx = 0.0005 m. All simulations are performed with a time step size of Δt =
0.2μs and stopped at t = 300μs .
In “Section 4.1”, it is noted that factorising the critical stretch values for the cases (a)–(e)
with micro-cracks distribution in the plate provided the results of the ratios of critical loads
which are very close to the analytical solutions. Another important point is to see if the SIF at
the macro-crack tip influences the crack propagation behaviour and speeds. It should be noted
that the relation between K*/K0 is presenting the influence of the micro-cracks on the SIF of the
macro-crack tip and is not speed dependent. This means that constant fracture energy model is
used and critical fracture energy is not changing with the crack propagation speed [48, 49].
Firstly, the PD numerical models for the cases (a)—(e) in Fig. 11 are analysed with the
relation between the SIF of the case with macro-crack K0 and the cases including micro-cracks
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Fig. 14 Sample geometry: a square plate with a macro-crack under velocity BCs; b spatial discretisation of the
square plate with a side macro-crack under imposed BCs
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K*by using a constant critical stretch. Secondly, the relation between K*/K0 is varied in the PD
model according to the cases: (a) K*/K0 = 0.90, (b) K*/K0 = 0.84, (c) K*/K0 = 0.93, (d) K*/K0 =
0.96, (e) K*/K0 = 0.98. The relations K*/K0 are implemented in the numerical model in the
same way as described in the “Sect 4.1:” by factorising the critical stretch values by K*/K0
ratios.
Figure 15 presents the damage plots for all cases when constant critical stretch is
considered and Fig. 16 is for K*/K0 ≠ 1 and the micro-crack inclination angles are α =
0 ° , 45 ° and 90°. It can be noted that the micro-crack inclination angles have an
influence on the macro-crack propagation behaviour where the macro-crack tends to
follow the orientation of the micro-cracks. Moreover, when the micro-crack is located at
the front and perpendicular to the macro crack, α = 90°, this leads to bifurcation of the
macro-crack. Both types of critical stretch implementation showed a similar pattern of
the crack propagation, but the difference in the crack propagation and speeds can be
noticed in Figs. 17 and 18. The adjusted critical stretch value according to SIF cases
show higher crack propagation speeds as in Fig. 18.
The crack propagation speed is evaluated by Eq. 20, when the macro-crack tip
location becomes x = 0.05 m. From Figures 17 and 18 it can be noticed that the microcracks parallel to the macro-crack leads to an increase in crack propagation speed. On the
other hand, the micro-cracks perpendicular to the macro-crack yields shielding effect
[35] leading to decrease in crack propagation. Moreover, the crack opening of surrounding micro-cracks leads to energy dissipation and increase in crack propagation resistance.
When the micro-cracks are not distributed in front of the macro-crack as in case (c), the
crack propagation speed is similar to the case with only macro-crack is allocated. The
micro-cracks act as the suppressors of the macro-crack propagation in the case (a) of
micro-crack distribution (inclination α = 0°) which decreases the crack speed compared
to the case (b).
The other point to mention is the crack propagation over time. Figure 19 presents
results for each case (a) to (e) of micro-crack distributions with inclination angles α
varying from 0° to 90° ahead of the main crack tip when the relation K*/K0 ≠ 1 is
implemented. The numerical results show that only collinear distribution of the microcracks, case (d) and (e), in front of the macro-crack delaying the crack propagation at the
initial stage. Moreover, for most of the studied cases, the bigger crack inclination angle
increases the propagation time. On the other hand, the hold off time is very small, around
30μs,and after pathing through the micro-crack, the crack continues fast propagation.
Only the crack bifurcation in all the cases showed major impact on crack delay. Based on
the performed PD simulation results, it can be concluded that the types of micro-cracks,
their sizes, distributions and orientations have a remarkable influence on the toughening
mechanisms in the system.

5 Conclusion
This study presents the application of ordinary state-based PD model on complex hole
defect crack, macro- and micro-crack interaction problems. The results demonstrate that
PD numerical model captures the fracture phenomena in concrete material including
crack evolution and propagation. It is presented that the defect in the structure plays a
significant role on the structural behaviour and the crack propagation path. The results of
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Fig. 15 Damage plots of the crack propagation, when constant critical stretch is considered for the cases from a
to e with multiple micro-cracks with the crack inclination of α = 0 ° , 45 ° and 90°
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Fig. 16 Damage plots of the crack propagation for the cases from a to e when K∗/K0 for micro-crack distribution:
a K∗/K0 = 0.90, b K∗/K0 = 0.84, c K∗/K0 = 0.93, d K∗/K0 = 0.96, e K∗/K0 = 0.98, with the crack inclination of α =
0 ° , 45 ° and 90°
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Fig. 17 Numerical results for the concrete plate under velocity BC vl = 0.4 m/s for a crack speed as a function of
micro-crack orientation and when constant critical stretch is considered. Crack speed is evaluated at the crack tip
location x = 0.05 m

the PD numerical model of the three-point-bending of the pre-cracked plate with a hole
defect show that the crack arrest phenomena with the decrease of the crack propagation
speed by 70% occurs when the crack deflects towards the hole. However, shortly after,
the crack restores its original trajectory with an increase in speed. The increase in
velocity boundary condition leads to larger deflections of the crack towards the hole.
Similar characteristics were observed during the experiments which show the reliability
of the performed simulations by means of PD numerical model.
The numerical results for the critical load in macro- and micro-crack interaction problem
showed remarkable results compared to analytical solutions. PD model accurately captured the

Fig. 18 Numerical results for the concrete plate under velocity BC vl = 0.4 m/s for a crack speed as a function of
micro-crack orientation. The parameter K∗/K0 ≠ 1: a K∗/K0 = 0.90, b K∗/K0 = 0.84, c K∗/K0 = 0.93, d K∗/K0 =
0.96, e K∗/K0 = 0.98. Crack speed is evaluated at the crack tip location x = 0.05 m
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Fig. 19 Numerical results for the concrete plate under velocity BC vl = 0.4 m/s for a crack propagation as a
function of time for all the cases (a) to (e) of the micro-crack distribution with different micro-crack inclination
angles α. The parameter K∗/K0 ≠ 1 for cases: a K∗/K0 = 0.90, b K∗/K0 = 0.84, c K∗/K0 = 0.93, d K∗/K0 = 0.96, e
K∗/K0 = 0.98

influence of the micro-crack inclination angles on the critical loads that a plate can withstand.
It is concluded that the application of the parameter K*/K0 has a substantial impact on the
results, as stress intensity factor is dependent on crack distribution and inclination angles. The
application of the updated K*/K0 ≠ 1 for different micro-crack distributions showed close
agreement with the analytical solutions. It can be noticed that the allocation of the microcracks in front of the macro-crack facilitates further propagation of the crack. Moreover, the
macro-crack has a tendency to follow the micro-cracks’ orientation, and in the case of the
perpendicular, orientation of micro-crack with respect to the macro-crack leads to a further
bifurcation. Analysing the crack propagation speeds showed that in the presence of the microcracks ahead of the macro-crack, the shielding effect is present, and the crack speeds drop by
approximately 10%. On the other hand, the parallel distribution of micro-cracks increases the
crack speeds by approximately 6%.
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