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Abstract
In this paper, the ordinary state-based peridynamic (OSB) is used to simulate and study the
effects of different-shaped stop-holes with different combinations on crack dynamics in brittle
materials in order to establish a detailed knowledge about the toughening effect of internal
features that can be in the form of holes and pores. Using the OSB analyses, a new easy-toapply technique is introduced to toughen the materials against crack propagations. As a first
case study, the high accuracy of peridynamic approach in damage prediction is demonstrated
through solving a collection of numerical and experimental benchmark problems. Moreover,
the bi-hole, parabolic, branched, bi-parabolic, and mixed-parabolic combinations of stopholes under tensile loading, and the T-shape, I-shape, bi-linear, linear, and linear-parabolic
combinations of stop-holes under shear loading are suggested for notably enhancing material
toughness and are practically and functionally compared with each other. Generally, the
suggested geometries are proven to be highly effective on toughness enhancement of materials
with a relative ease of implementation, in comparison to other internal features such as microcracks. In addition, a further case study is carried out on the effects of the distance of stopholes from the initial crack-tip on crack dynamics and material toughness, in which it is
observed that every hole has a specific µ-range, and thus, the crack dynamics are affected by
the hole if and only if the crack enters this range. Overall, the arrestment and accelerating
effects of the stop-holes on crack dynamics are carefully explained numerically and
conceptually, which will help engineers and designers to maximize the positive effects of stopholes on material toughness and design a tougher micro-structural material using easily applied
defects.

Keywords: Peridynamics; fracture mechanics; non-local approaches; stop-holes; material
toughening.
1. Introduction
Over the last few centuries, a large collection of research studies has been dedicated to
understanding the fracture mechanics of engineering materials, some can even be traced back
to the 1770’s [1]. However, in today’s engineering society, almost every engineering field still
suffers from the lack of predicting the potential occurrence of crack propagations. Depending
on the environmental/operational conditions of an engineering structure, load-bearing
components of the structure may be subjected to extreme loading conditions, thus leading to
emergence of the so-called micro-cracks. These micro-cracks can either grow independently
or coalesce to form various macro-cracks, which eventually cause a complete failure of the
structure. The formation of a complete rupture in a very short amount of time (e.g.,
microseconds) is a particular study case of fracture mechanics, which is referred to as “brittle
fracture” and commonly present in brittle materials. This kind of failure bears a high potential
risk to human safety, increase environmental pollution, and cause crucial financial losses [2–
4]. Therefore, especially after the industrial revolution, fracture mechanics of brittle materials
has gained a great deal of interest.
Numerous solutions have been suggested to reduce the crack growth rate of brittle fracture.
One of which is to lessen the stress concentration at the crack tip through making a perforation,
i.e., stop-hole. Among early studies available in the literature, Broek [5] experimentally
investigated the effect of stop-holes on crack dynamics in a continuum by allocating a stophole on propagation path of a crack. According to his results, the arrestment effect of the hole
on the crack is balanced by the crack growth acceleration caused by the hole. On the other
hand, Miyagawa and Nisitani [6] later demonstrated the superior effect of holes on crack
growth life by extending Broek’s investigation to two and four hole combinations located ahead
of a pre-existing crack. In fact, any growing crack tends to propagate with an increasing
velocity towards a hole located in the vicinity of its tip or along its original propagation path.
Moreover, the existence of holes in a body affects the stress intensity factor of growing cracks
[7]. A crack running towards a hole has a considerably larger stress intensity factor, further
accelerating the crack propagation. However, when a crack joins the hole, the hole arrests the
growing crack for a significant amount of time causing the crack to release its strain energy
accumulation. This eventually leads to a longer crack growth life. Hence, crack dynamics (i.e.,
acceleration and velocity of crack propagation and crack growth life) are substantially
influenced if any discontinuity, such as a hole, exists in the continuum [8].
When a weak zone (i.e., so-called stop-hole) is introduced into a homogenous material, the
mechanical response of the material will involve relatively non-homogeneous effects,
especially near the weak zone. Therefore, crack dynamics in non-homogeneous regions of
materials are different from the ones in homogenous regions. Recently, Carlsson and Isaksson
[9] investigated the effect of this heterogeneity on crack dynamics using the dynamic phasefield method (DPF) introduced in [10]. To model the existence and propagation of a crack, the

phase-field method requires an external differential equation to be solved along with the
governing equations of classical continuum mechanics. This usage of the external equation is
one of the main deficits of phase-field method [11]. A robust non-local continuum theory,
originally introduced by Silling [12], named as peridynamics (PD), however, eliminates the
shortcomings of classical continuum theory, especially the ones pertaining to modelling of
solid continuums involving any discontinuity such as cracks. Although the peridynamic theory
was first introduced in the 2000’s and applied to solid mechanics of isotropic materials [12],
since then it has been further developed for other engineering applications including modelling
of composites [13], multi-physics problems [14], heat transfer [15], etc. For example, De Meo
et al. [16] introduced a computational PD model for fracture behaviour of cracked HSLA steel
subjected to a corrosive environment. Recently, Kefal et al. [17] used peridynamic theory for
structural topology optimizations of engineering structures with and without cracks. More
recently, the PD-TO approach [17] has been extended for continuous density-based topology
optimization [18]. Another work on the PD application is the failure model developed by
Ghajari et al. [19] for orthotropic materials. And yet in another track, Wang et. al. [20]
developed a peridynamic formulation for thermo-visco-plastic deformation and impact
fracture. Thus, with the help of these and other significant contributions not listed, PD approach
has gained a capability to solve diverse applications of engineering problems for different
materials [21–39]. Reader may also refer to the study of Javili et al. [40] for a detailed review
on PD theory.
In general, there are three different types of peridynamic theory, namely bond-based (BB) PD,
ordinary state-based (OSB) PD, and non-ordinary state-based (NOSB) PD. In the bond-based
PD formulation, it is assumed that the interaction forces between two material points are equal
in magnitude and opposite in direction. Therefore, the bond-based PD can be applicable only
to analyses of materials having Poisson’s ratio of 1/4 in three dimensions and 1/3 in two
dimensions [12]. However, this limitation was later circumvented by the introduction of the
OSB and NOSB forms of peridynamic theory [26]. In OSB type of PD, it is assumed that the
direction of the pair forces is along the interaction direction, but their magnitudes may vary.
The NOSB, more generally, considers the pair forces between two material points to be
different in both magnitude and direction [26]. In all of the PD types, the interactions between
material points are independent of each other, enabling PD to be applied to materials with
discontinuities, such as cracks, with no usage of complex mathematical formulations [12]. This
ease of implementation makes the PD formulation advantageous for analysis of static and/or
dynamic crack propagation problems.
Recently, Vazic et al. [41] used the bond-based (BB) PD formulation to investigate the effect
of the presence of parallel micro-cracks on dynamics of a main crack and their effects on the
toughness enhancement of the poly methyl methacrylate (PMMA) material. According to their
results, both positive and negative influence rate of micro-cracks are observed on the velocity
of main-crack propagation and material toughness. Most recently, Basoglu et al. [42] extended
Vazic et al.’s work by examining different combinations of linear and curvilinear micro-cracks
in order to determine the most effective intentionally applied micro-crack combination on
material toughness by means of micro-macro crack dynamics. The crescent-like combinations

of micro cracks in the vicinity of the main crack tip have proven to be effective in reducing the
main crack propagation velocity [42]. However, the suggested combinations of micro-cracks
can be difficult to implement to a real-world material. Furthermore, the usage of BB in the
analysis of materials having a Poisson’s ratio other than 1/3 (in two dimensions) or 1/4 (in three
dimensions) can sometimes cause significant error.
In the present study, the OSB formulation of PD is used to address the above-mentioned issues
and to simulate more realistic path of crack propagation in materials with different Poisson’s
ratios. In addition, instead of micro-cracks, the effects of stop-holes are investigated on crack
dynamics and toughness of materials given that stop-holes can be realistically created. Since
the presence of stop-holes can reduce the weight of the structure and is relatively easy to
implement, it can be more economical to use as a toughening mechanism of the engineering
parts.
Several researchers have investigated the arresting effect of stop-holes drilled at the vicinity of
the pre-existing crack tip and have suggested drilling stop-holes as a repairing technique for
the cracked parts of structures. For instance, Fu et. al. [43] investigated the effect of one and
two drilled stop-holes on fatigue life of steel bridge deck. They concluded that a higher fatigue
life can be achieved if a stop-hole is drilled near the crack tip. They also indicated that a larger
diameter of the drilled stop-hole causes a longer fatigue life by further reducing the stress
concentration. Ghfiri et al. [44] used the hole-expansion method to introduce residual stresses
that can reduce the effective stress around the crack tip. They drilled a stop-hole in aluminium
sheet specimens and investigated its crack growth arresting behaviour under axial fatigue test.
For some of the specimens, they cold-expanded the stop-hole diameter and compared its effect
on fatigue life. According to their results, an expanded stop-hole had a higher crack growth
arresting effect than that of non-expanded stop-holes. Similarly, Song et. al. [45] used stophole drilling procedure to improve the fatigue life of aluminium alloys and stainless steel.
Recently, Ferdous et al. [46] have investigated the effect of four uniformly distributed stopholes on fatigue life of specimens. Aside the above listed experimental works, Ayatollahi et al.
[47] numerically investigated the effect of drilling one stop-hole based on classical fracture
mechanics model. However, the main variable of their numerical investigation was the size of
the stop-hole. To optimize the shape of stop-hole, in a unique track, Fanni et. al. [48] used
structural optimization technique by utilizing finite element method.
Although several of the above researchers have numerically/experimentally studied the effects
of one circular stop-hole on crack propagation path and fatigue life, to the best of authors’
knowledge, no literature has been dedicated to the investigation of the effects of the “linear”
and/or “non-linear” combinations of more than one stop-hole on material toughness under
“tensile” and “shear” loadings. Hence, the main novelty of the current study is to present a
detailed knowledge about the various toughening effects of stop-hole combinations through the
OSB-PD analyses, while introducing a new approach of implementing linear and/or nonlinear
combinations of stop-holes as a material toughening technique.

The rest of the paper is structured as follows; a brief mathematical description of OSB-PD
theory is given in Section 2. In Section 3, a computational application of the OSB-PD theory
is performed and toughness enhancement in brittle materials via stop-holes under shear and
tensile loading is investigated. It is shown that the relative positions of stop-holes have a
notable influence on toughness enhancement. Moreover, the toughness of the material can be
tailored through adjusting the locations of the stop holes. It is later indicated that every stophole has an influence range (µ-range) beyond which the crack dynamics are not affected.
Furthermore, the experimental/numerical benchmark studies reported in [9] and [49] are
revisited whereby the accuracy of the OSB approach is demonstrated and compared with the
DPF models. Finally, the advantages, superior predictive capabilities, and concluding remarks
of the current approach are elaborated in Section 4.
2. Formulation of Ordinary-State Based Peridynamics
Peridynamics is a mesh-free approach originally introduced by Silling in 2000 [12]. The PD
approach is referred to as the non-local form of classical continuum mechanics (CCM) or the
shrunken form of molecular dynamics (MD). Peridynamic theory uses integro-differential
equations rather than the classical spatial derivatives of stress components; thus, it is an ideal
approach for fracture mechanics problems involving discontinuities (e.g., cracks). In PD, a
continuum is introduced by a set of infinitesimal volumes, called material points, which interact
to each other in a non-local manner. The range of this interaction is named as horizon, δ, and
the interactions are called the PD bonds. All material points located within the distance δ of
point i constitute its family members, Hi. For a three-dimensional continuum, H is a spherical
set of material points with a radius of δ, while it reduces to a circular domain in a twodimensional case as depicted in Figure 1.
The governing equation of motion in PD is defined as the integral form of pair forces of the
interacting i and j material points, t ij and t ji . Hence, for any material point i, initially located
at Xi , the PD equation of motion can be written as:

i ( Xi , t )   t ij (u j  ui , ξ ji )  t ji (ui  u j , ξ ij )  dH i  Bi ( Xi , t )
i ( Xi )u

(1)

Hi

where the ξ ij  X j  X i vector defines the relative initial position of the i and j material points
and the vectors ui and u j denote their displacements, respectively (Figure 2). By discretizing
the body into subdomains (material points and families) and applying the Gaussian quadrature
[50], Eq. (1) can be rewritten in its discrete form as follows:
N

i ( Xi , t )   t ij (u j  u i , ξ ij )  t ji (u i  u j , ξ ij )  V j  Bi ( Xi , t )
i ( Xi )u

(2)

j 1

where the parameters ρ, ü and B are the density, acceleration, and body force, respectively. V j
denotes the discrete volume of the point j and N is the number of points located within the

horizon of the point i. Note that for a cubic subdomain the Gaussian integration point is located
at the centre of the cube. The terms t ij and t ji are named as the force density vectors and can
be expressed as follows:
t ij (u j  ui , ξ ij , t ) 

1
Aeˆ
2

1
t ji (ui - u j , ξ ji , t )   Beˆ
2

(3)
(4)

with the direction
eˆ 

ηij
ηij

(5)

where the vector ηij  Y j  Yi describes the relative final position of material points i and j
(Figure 2).

Figure 1) A two-dimensional discretization of PD continuum

Figure 2) A two-dimensional representation of the deformed and undeformed states of PD

Figure 3) Pair forces of material point i and j
In order to determine the auxiliary parameters A and B in Eqs. (3) and (4), it is necessary to
establish a relation between force density vectors and strain energy density. For this purpose,
consider the bond interaction between two material points as an elastic spring; thus, the change
in the length of the bond results in a micro potential. By integrating these micro potentials over
the family Hi, the strain energy density, W ( Xi ) , for material point i can be calculated. On the
other hand, by applying the Lagrangian equation [51] to the principle of virtual work, the
following relation can be achieved [27]:
W ( Xi )
eˆ
 ( ηij )

t ij (u j  ui , ξ ij , t ) 

(6)

Hence, the discrete expression for strain energy density can be written in its final form as:
N

W ( Xi )  ai2  b  Sij 2 ξ ij V j

(7)

j 1

with
N

ηij

j 1

ηij

i  d  Sij (



ξ ij
ξ ij

(8)

)V j

Here, a, b and d in Eqs. (7) and (8) are the PD parameters dependent on material properties as
well as horizon size and can be written for a two-dimensional domain as [27]:
1
a  (  2 ),
2

b

6
,
 h 4

d

2
 h 3

(9)

where h is the thickness and  and  are the bulk and shear modulus of material, respectively.
The parameter, θi, denotes the PD dilatation of material point i. The stretch, Sij, of the bond
between material points i and j can be calculated as:

Sij 

ηij  ξ ij

(10)

ξ ij

where the |… | operator denotes the magnitude of the related vector. By substituting Eqs. (810) into Eq. (7) and taking the derivative with respect to ηij , one can obtain the parameters
A and B as
A   ij  4

B   ij  4

   ηij


ξ 
 ij  ai  b ξ ij Sij 
d 
ξ ij   ηij ξ ij 



   ηij


ξ 
 ij  a j  b ξ ji S ji 
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ξ ji   ηij ξ ij 



(11)

(12)

with µij being an irreversible control parameter over the failure of the bond between material
points i and j. Thus, it is

1

if Sij  S0

0

otherwise

ij  

(13)

Where S0 represents the critical stretch, which can be calculated as [27]:
S0 

Gc
8
bh 5  ad 2 h 2 7
9

(14)

for the two-dimensional analysis. Here, the critical energy release rate, Gc, is an important
material property which can be determined using the combination of experimental and
statistical methods [52–54] . Furthermore, a damage parameter,  , can also be introduced to
track the damage of material points as the crack grows throughout the body in time as [27]:
N

i  1 

 V
j 1
N

ij

V
j 1

j

(15)

j

Thus, the damage parameter takes the value of unity if all bonds of the material point are broken
while it becomes zero for material points with no broken bonds. Finally, using the standard von
Neumann stability analysis [55] a stable time-step size, dt, can be chosen, as in Eq. (16), to
integrate the PD equation of motion through time [27].
dt  0.8


2 b 3

(16)

3. Numerical Examples
In this section, five different examples are investigated utilizing the aforementioned OSB
peridynamic formulation. The OSB-PD formulation is implemented as an in-house code
utilizing the C++ programming language. All the OSB analyses are carried out for the PMMA
material, which is considered to have linear-elastic and brittle properties. First, the original
numerical and experimental work of Carlsson and Isaksson [9] is revisited. Through the
analysis of this problem, we validate our OSB-PD implementation and demonstrate its high
accuracy of modeling the effects of holes in the bodies with discontinuities/cracks. As a second
validation case, the experimental work of Ayatullahi and Aliha [49] is solved to validate the
accuracy of OSB-PD implementation under mode I, mode II and mixed mode I-II loading
conditions. In the third and fourth case studies, the effect of different combinations of stopholes on crack dynamics are subsequently investigated by using the OSB-PD algorithm to
increase the material toughness of the brittle materials subjected to tensile and shear loadings.
Finally, a further case study is conducted to examine the effect of the distance of stop-holes
from crack tip on crack dynamics and associated material toughening mechanism.
3.1 Benchmark problem
This problem was originally solved by Carlsson and Isaksson using dynamic phase field
method (DPF) and was compared with experimental results [9]. The authors investigated the
effects of circular holes on crack propagation path, which are placed in a parallel combination
to a pre-existing crack with a length of l=2 mm in a PMMA plate with dimensions L x W = 50
mm x 25 mm. The material properties of PMMA are given in Table 1. Four different geometries
were considered for the plate and were subjected to a uniaxial loading of crosshead velocity of
5 mm/s (Figure 4). Herein, the problem is solved using OSB-PD approach to validate the
present algorithm and its implementation on similar cases.
Table 1) Material properties of PMMA
E
3.24 GPa

ν
0.35

ρ
1190 Kg/m3

Gc
200 J/m2

Figure 4) Geometric properties of the plates originally solved by Carlsson and Isaksson [9]
with 2R=3L/100 and D=L/9
The plate is uniformly discretised using 200x100 material points along length and width
directions, respectively, leading to uniform particle spacing of dx=0.25 mm. In order to reduce
the computation time, the crosshead velocity boundary condition is applied as 300 mm/s and is
deployed on a virtual boundary of three layers (of material points) at the top and the bottom
boundaries of the plates having a thickness equal to dx.
The crack in geometries a, b, c, and d starts to propagate after approximately 2900th time-step.
To gain foreknowledge of the crack propagation paths and understand physical interface of the
crack growth, we investigate the displacement and strain energy distributions of the geometries
at an instant before pre-existing crack’s propagation, i.e., 2600th time-step. Accordingly, the x
and y displacements of geometries a, b, c, and d at 2600th time-step are presented in Figure 6,
where the spatial variation of the displacement contours precisely matches with the expected
physical/mechanical response of the tensile loading. Moreover, a high vertical displacement
jump is observed in the region of the pre-existing crack demonstrating the crack opening in this
region which finally leads to a mode-I fracture loading. In fact, any increase in relative
displacement of two adjacent material points causes an increase in strain energy density of the
bond between these points. If the strain energy density (or stretch) of a bond exceeds the critical
strain energy density (or critical stretch), the bond breaks. Figure 7 shows the distribution of
the strain energy density over the plate at 2600th time-step for each geometry. As can be seen,
micro-cracks are likely to be born from perimeter of the holes in geometry b, c and d since the
strain energy densities of the points near the holes are relatively higher than the ones located
in the far field. However, the experimental results demonstrate no generation of new cracks
from the holes ( Figure 5). This may be attributed to the increased fracture toughness of cutout surfaces of the holes due to the drilling process [56]. To comply with such phase change of
material, the critical stretch value for two material layers around the holes are doubled for all

geometries. This prevents the generation of micro-crack formations around the hole, thus
resulting in a more elastic material properties in this region. However, if the spacing between
material points is small enough (a finer mesh), the region with increased elasticity becomes
very small, thus, providing a negligible effect on behaviour of the main crack.
The above results of OSB analyses are compared with those of DPF analysis and experiment
[9] in Figure 5. A superior prediction of the crack paths in geometries a and b is obtained using
the present OSB-PD implementation. OSB was able to capture the branching effect of the crack
in geometry a, which is much similar to the experimental result where the branching effect is
seen after the third and the fifth holes (Figure 5). However, a small amount of crack branching
is also predicted in other regions of the crack propagation path in geometry a, which may be
attributed to the different velocity boundary conditions applied herein [31]. Furthermore, the
result obtained for geometry b using OSB approach sufficiently indicates the higher accuracy
of the prediction of the crack path by OSB analyses. In geometry b, the propagation path
predicted by DPF eventually joins the holes whereas the OSB method predicts an almost
parallel propagation path to the horizontal, which is quite similar to the real propagation path
of the crack observed in experiment.

Figure 5) Comparison of the results obtained from a) experiments [9], b) DPF [9] and c)
OSB analyses where the first row represents geometry a; second row represents geometry b;
third row represents geometry c and fourth row represents geometry d

Figure 6) Displacement in a) x-direction, 𝑢 [m], and b) y-direction, 𝑣 [m], of geometry a, b,
c, and d at 2600th time-step

Figure 7) Strain energy densities, W [J/m3], of the geometries at 2600th time-step
3.2 Diagonally Loaded Square Plate (DLSP)
To further indicate the accuracy and robustness of present algorithm, a fracture test
configuration, named as the “DLSP (Diagonally Loaded Square Plate) specimen [49]”, is
solved under pure mode-I, pure mode-II, and mixed mode I-II fracture loading conditions and
is validated against the experimental results. The modelled geometry has the following
dimensions and crack orientations: side length of 2𝑤 150𝑚𝑚 , thickness of ℎ 5 𝑚𝑚, and
a crack with an initial length of 2𝑎 45 𝑚𝑚 located at the centre of the plate at an angle of α.

The material properties of the plate are given in Table 2. A set of numerical configurations is
analysed under a velocity boundary condition of 𝑉 10 𝑚/𝑠 to achieve a quasi-static
loading condition. This velocity condition is applied to three layers of material points around
the upper and lower circular cut-outs of the plate as depicted in Figure 8. The DLSP domain is
discretized into 150𝑥150 points with particle spacing of 𝑑𝑥 1.0 𝑚𝑚. The quasi-static
boundary condition is imposed using adaptive dynamic relaxation method [33]. The analyses
are run for a total of 40 000 time-steps with a time-step size of 𝑑𝑡 1𝑠.

Table 2) Material properties of the DLSP test specimen
E
2.94 GPa

ν
0.38

Ρ
1200 Kg/m3

Gc
602 J/m2

Figure 8) Geometric properties of DLSP specimen

Figure 9 shows a comparison of the final crack path obtained from OSB analyses with the
experimental ones for α values of 0 , 15 , 30 , 45 and 62.5 . The specific value of
𝛼 0 corresponds to the pure mode-I loading condition. The angle, 𝛼 62.5 with 𝑎⁄𝑤
0.3 corresponds to a pure mode-II loading whereas the 𝛼 values between 0 and 62.5 leads to
the mixed mode I-II. The failure load is monitored by summing the forces over the interactions
passing through the line AB and compared with the experimental results in Figure 10. The
results obtained from the OSB analyses are in a good agreement with the ones of experiments
in terms of both the final crack path and internal forces. Hence, it can be stated that the
algorithm used herein is able to model the crack dynamics reliably under any in-plane loading
conditions.

Figure 9) Comparison of the final crack path of the experiments and OSB results for DLSP
specimens

Figure 10) Comparison of the Failure load of the experiments and OSB results for DLSP
specimens
3.3 Stop-hole combinations under uniaxial loading
In this section, different combinations of stop-holes are applied to a PMMA plate, with
dimensions L x W= 50mm x 50mm and material properties given in Table 2, to strengthen the
plate against crack propagation under tensile loading condition. A pre-existing crack with a
length of 25 mm is located at the left-middle part of all geometries (Figure 11). The geometries
are then subjected to a velocity boundary condition with a crosshead velocity of 5 m/s,
representing a uniaxial loading at the top and bottom boundaries. All the analyses are
performed for the differential time-step of dt = 4.0x10-8 s, which is lower than the stable dt
values proposed in Eq. (16). To obtain a fine PD model 500×500 material points are used in
the discretization of the plate domain.

Firstly, the geometry with no hole (Figure 11a) is solved to have a reference case about crack
dynamics in the body and to determine the time-steps for the start of crack propagation and
complete rupture. As a result, the crack propagation starts approximately after 500th time-step
and eventually the complete rupture happens after nearly 1650 time-steps, which are considered
as the reference of crack propagation interval for the following analyses.

Figure 11) Geometric properties of stop-hole combinations under shear loading with r = 1
mm
Six different combinations of stop-holes, namely No-hole, Bi-hole, Parabolic, Branched, Biparabolic and Mixed-parabolic cases, are considered in the plate domain for toughness
enhancement (Figure 11). A similar case to the Bi-hole combination was also solved by Vazic
et al. [41], where the authors used two horizontal micro-cracks in order to investigate the
influence of micro-cracks on main-crack dynamics. When the diameters of the applied holes
are significantly small, holes and micro-cracks behave geometrically alike each other.
However, if the diameters of the holes are large enough, the strain energy concentration is
dispersed along the perimeter of the holes, which is in contrary to the case of micro-cracks,
where the strain energy concentration occurs at the singular crack-tips. Therefore, stop-holes
can cause a decrease in the average velocity of the main crack propagation as opposed to the
particular case studied by Vazic et al. [41] where two parallel micro-cracks near the main crack
tip accelerated the crack propagation.
The six different cases are compared with each other by means of crack growth rate for every
50 time-steps in Figure 12. It is clear from the graph that almost every combination of holes
caused a delay in crack initiation time. The slopes of the lines in the graph imply the average
velocity of crack propagation with the unit of mm/time-step. A relatively higher average
propagation velocity is seen for some combinations of stop-holes at some portion of the graph.
A higher crack propagation velocity indicates that the crack experiences a time-dependent
acceleration between the adjacent time-steps due to the presence of the holes near the crack tip.

In fact, the presence of a hole in a body has two major effects on crack dynamics: (1) the
accelerating effect, and (2) arresting effect. When a crack gets close enough to a hole, it tends
to run to the hole with a continuously growing velocity until it joins the hole. This can be
referred to as “accelerating effect”. Once the crack joins a hole, it relaxes for a while by
releasing its energy. This relaxation causes a decrease in the average propagation velocity of
the crack, which can be referred to as “arresting effect”. The accelerating and arresting effects
of stop-holes can be seen between 400th and 550th time-steps for the No-hole, Bi-hole and
Parabolic geometries in Figure 12b. The holes are located 1mm ahead of the crack tip in Bihole geometry, thus the crack in this region accelerates towards the hole for the 1mm distance.
Hence, in this region the crack propagation velocity of Bi-hole geometry is higher than the one
encountered in No-hole geometry. On the other hand, the first two holes are adjacent to the
crack tip in Parabolic geometry and no distance is present for the crack to accelerate.
Therefore, only the arresting effect of the holes exists in this region, causing a decrease in
average velocity of the crack propagation.

Figure 12) The graph of crack propagation vs time-step for No-hole, Bi-hole, Parabolic,
Branched, Bi-parabolic and Mixed-parabolic stop-hole combinations
Figure 13 shows the evolution and the length of the cracks along with the branching effect at
800th, 1200th and 1600th time-steps for the listed geometries. The geometries shown in Figure
13 are zoomed into the failure zone, given that no failure has been detected in other regions of
the plate. As shown in this figure, stop-holes can also affect the propagation angle of the cracks
located in its neighborhood. This effect is extremely seen in the case of parabolic geometry, in
which the crack has propagated towards the fourth hole with an angle of almost 90 degrees
while the rest of the crack propagation is almost horizontal.
Furthermore, the Branched combination of stope-holes, so far, has proven to have the highest
impact on material toughness (Table 3). Although the average propagation velocity between

800th and 1600th time-step of the Branched combination is the same with the one in No-hole
combination, the branched combination has a higher effect on delaying the initiation time of
crack propagation (almost 50%). This effect is the opposite in Bi-hole and relatively lower in
Bi-parabolic and Mixed-parabolic combinations. In the Bi-hole geometry, despite its earlier
initiation time, the average velocity of the crack propagation is much lower than the one in Nohole geometry, which causes a high toughening effect. On the other hand, Mixed-parabolic
combination causes a relatively higher average propagation velocity between the previously
mentioned time-steps. However, the total arresting effects in this geometry is higher than the
total accelerating effects, which literally causes an increase in material toughness. Moreover,
the parabolic combination causes a relatively higher delay in initiation time of the crack
propagation and causes the lowest crack propagation velocity, leading to a second-high
toughening effect. However, the precise implementation of this geometry can be challenging.
On the other hand, the branched geometry is much easier to implement. In summary, it can be
stated that the Branched geometry has the highest effect on material toughness and the lowest
material cost with an average rate of reproducibility (Table 4).
Table 3) Summary of the crack dynamics of the geometries under tensile loading
X-coordinate X-coordinate
Crack
of the crack tip of the crack tip
propagation
at 800th time- at 1600th timeinitiation
step
step
time-step
[mm]
[mm]
No-hole
Mixedparabolic
Bi-hole
Bi-parabolic
Parabolic
Branched

Average velocity
between 800th
and 1600th timesteps
[mm/time-step]

Difference Delay in crack Difference in crack
in average propagation propagation length
velocity initiation time with respect to Nowith respect with respect to hole after 1600
to No-hole
No-hole
time-steps

480

5.55

24.25

0.0234

-

-

-

580

3.25

22.85

0.0245

4.81%

20.83%

-5.77%

450
580
540
720

3.85
3.25
3.95
2.45

22.25
21.95
21.65
21.15

0.0230
0.0234
0.0221
0.0234

-1.60%
0.00%
-5.35%
0.00%

-6.25%
20.83%
12.50%
50.00%

-8.25%
-9.48%
-10.72%
-12.78%

Table 4) Comparison of the geometries under tensile loading

Figure 13) Crack length and branching effects of the geometries under tensile loading after
800th, 1200th and 1600th timesteps

3.4 Stop-hole combinations under shear loading
In this section, a plate of dimensions 50 mm x 50 mm is analysed under velocity shear loading
of 5 m/s at the upper boundary, while the lower boundary is fixed. The material properties of
the plate are same as the one used in the previous case. An initial crack with length of L/4 (12.5
mm) is located at the central left portion of the plate as shown in Figure 14. For all the analyses
carried out in this section the time step size is taken as dt=1.064x10-7 s which is the stable time
step size calculated from Eq. (16). The breakage of the bonds is permitted under both tension
and compression conditions with the equal magnitude of the critical stretch.

Figure 14) Geometric properties of the plates under shear boundary condition, with t=2 mm
To account for the total failure of the body, we consider the crack propagation lengths in both
x- and y-directions. The contours of the displacements and failure are depicted in Figure 15 for
No-hole geometry after 1350 time-steps. Two new crack branches are formed in the body
during the loading process, namely the lower and upper branches (Figure 15a). The lower crack
branch is due to the internal tensile force caused by the boundary condition, whereas the upper
crack branch is formed because of the compression effect of the loading on upper portion of
the plate.

Figure 15) Counterplot of a) damage, b) displacement in x-direction [m] and c) displacement
in y-direction [m] of No-hole geometry at 1350th time-step

Figure 16) Crack surface and propagation length of the geometries under shear loading at
1350th time-step
In Figure 16, the crack propagations are shown for No-hole, T-shaped, I-shaped, Bi-linear,
Linear and Linear-parabolic geometries. In order to define a reference failure state for
toughness enhancement comparison, we define two different failure scale parameters: (1) total
split length of material and (2) total failure length of material. To measure the total split length,
the length of the split surface between different parts of plate is considered. Herein, this
includes the length of the propagated crack as well as any other defect where the split surface
passes through (e.g., the length of the first three upper holes in Linear and Linear-parabolic
geometries). In other words, a total split length can be considered as a measure of the global
failure of a material for which all defects existing in the body are taken into account. On the

other hand, a total failure length can be considered as the total length of the surface where the
bonds between material points has failed due to exceeding the critical stretch (i.e. local failure).
The variation of the above failure parameters against every incremental 50 time-steps are
plotted in Figure 17 for each geometry.
A summary of the crack dynamics in the above geometries is also given in Table 5, from which
it can be seen that all the listed geometries have caused a significant amount of increase in the
strength of the material. This toughening effect can be seen in the shape of a decrease in the
average propagation velocity and/or a delay in the propagation initiation time. It is worthy to
notice that almost every linear combinations of the circular stop-holes have a decreasing effect
on the average velocity of the propagation, eventually causing a relatively higher toughness
enhancement. However, the toughness enhancement in the T-shaped and I-shaped geometries
are largely seen in the form of the delay in initiation time of the propagation. The toughening
effect is the highest in Linear-parabolic combination due to the presence of both of the
situations mentioned above. Furthermore, the Bi-linear combination of stop-holes causes the
highest decrease in material cost, with a second-high toughening effect. In fact, the
implementation of the Bi-linear combination of stop-holes is more economic and much easier
than that of the Linear-parabolic combination (
Table 6).
Table 5) Summary of the crack dynamics of the geometries under shear loading
Delay in crack Difference in Difference in crack
Total split Total split
Average
propagation
average
propagation length
Crack
at initiation at 1400th velocity of the
initiation time velocity with with respect to Noinitiation
time-step time-step
propagation
with respect
respect to
hole after 1400
time-step
[mm]
[mm]
[mm/time-step]
to No-hole
No-hole
time-steps
No-hole
950
2.19
40.05
0.0841
T-shaped
1050
6.5
37.53
0.0887
10.53%
5.38%
-6.29%
I-shaped
1050
6.81
40.014
0.0949
10.53%
12.76%
-0.09%
Bi-linear
950
5.54
37.086
0.0701
0.00%
-16.68%
-7.40%
Linear

850

5.54

38.101

0.0592

-10.53%

-29.63%

-4.87%

Linearparabolic

1100

8.27

30.428

0.0739

15.79%

-12.21%

-24.02%

Table 6) Comparison of the geometries under shear loading

Figure 17) Graphs of a) total split length and b) total failure length of material vs time-step
for the geometries under shear loading
3.5 Effects of the distance of stop-holes from the crack-tip on crack dynamics
In this section, the effect of the distance of stop-holes from the crack tip is investigated under
the tensile loading. For this purpose, a plate with L x W=50mm x 25mm dimensions having a
pre-existing crack with a length of L/5 (10 mm) located at its central left part is analysed. The
material properties of the plate are given in Table 7. The distance between material points, dx,
is taken as 0.25 mm. The plate is subjected to a uniaxial velocity boundary condition of +150
mm/s and -150 mm/s at its upper and lower boundaries, respectively. As a first approach, a
circular hole of diameter D = 2 mm is applied to the plate at a distance, d, from the crack tip
(Figure 18a). Eq. (16) is used to ensure a time-step size not higher than the stable one.

Table 7) Material properties of the plate with dimensions of 50 mm x 25 mm
E
3.24 GPa

ν
0.35

Ρ
1190 Kg/m3

Gc
200 J/m2

Figure 18) Geometric properties of the plate with a) one and b) two holes under uniaxial
tension

Figure 19) Graph of the change in position of the crack tip vs time-step for various values of
d for the plate with one hole

Figure 20) The graph of the change in position of the crack tip at 2800th time-step vs d for
the plate with one hole
The presence of the hole causes the crack to have a position dependent velocity once the cracktip gets close enough to the hole. Depending on initial relative position of the crack-tip from
the hole, the average propagation velocity of the crack can be increasing, decreasing or
constant. Figure 19 shows the position of the crack-tip plotted versus every 10 time-steps for
various values of d. A singular stop-hole causes a decrease in average propagation velocity of
the crack if it is implemented to the material in such a way that the relative position of the crack
tip falls inside the perimeter of the hole (i.e., |𝑑|

). This effect is the highest when the hole

is located ahead of the crack at the exact tangency of the crack tip (i.e., 𝑑

). However,

when the distance between the hole and the initial crack tip is higher (i.e., 𝑑

, the hole will

affect the material toughness in a negative manner by increasing the average crack propagation
velocity. Interestingly, this effect is recorded as a decreasing function of d after a certain
distance (e.g. d ≈ 2D for the present case). Thus, it can be concluded that a certain constant
influence range of µ exists for a hole such that; whenever a crack enters the µ-range of the hole
it starts to accelerate whereas for any distance beyond this µ-range, the effect of the hole on
crack dynamics is zero.
The position of the crack-tip with respect to the distance, d, plotted in Figure 20 can be
approximated through the curve fitting with a function of:
F (d ) 

14.3d 2  39.730d  37.68
d 2  3.448d  3.823

(17)

where F(d) denotes the position of the crack tip at an instant of time (2800th time-step in the
present case). If the distance, d, is significantly large, i.e., 𝑑 → ∞, the function approaches to
the constant value of 𝐹 𝑑
14.3 [mm]. This reveals the fact that if the hole is located far
enough from the crack tip, the hole, independent from its position, will accelerate the crack for

a constant distance if and only if the crack enters the µ-range. This distance can be related with
the µ-acceleration as follows:
14.3  X c 

1 2
a t 
2

(18)

where X c is the position of crack tip at the same instant of time for the situation in which no
stop-hole exists in the body (13.44 mm for the present case). The parameters, a μ and t μ , are
named as the µ-acceleration (the acceleration caused by the hole) and µ-time (the amount of
time of µ-acceleration), respectively. Consequently, the F(d) function can be used to measure
the amount of the accelerating effect of the stop-holes on crack propagation.
However, the crack dynamics can also be altered by number of holes in the body. To investigate
this effect, a second stop-hole is placed at a distance of 𝑑 from the first hole (Figure 18b).
For this purpose, a rupture corresponding to 80% of the plate (equivalently, the crack tip
reaches the coordinate of 𝑥 15 𝑚𝑚) is taken as the basis of comparison. Figure 21 clearly
indicates that the toughening effect is the highest for the values of 𝑑 and 𝑑 ∈ 0 1 .
Furthermore, for the higher values of 𝑑 and 𝑑 , a decrease in the strength of the material is
observed. This weakening effect, however, approaches a constant value when 𝑑 and 𝑑 get
larger. Additionally, as can be seen from Figure 22, a strengthening effect at the small values
of 𝑑 and an abating weakening effect at the high values of 𝑑 ∈ 4𝑚𝑚 10 𝑚𝑚 is clearly
noticeable, hence leading to a higher toughness. This also indicates that the toughening effect
of a hole placed near the crack tip is much higher than the weakening effect of a hole located
in far-hand regions. On the other hand, for larger values of 𝑑 , the variation of 𝑑 has a very
low impact on the strength of the material. This well agrees with our previous findings on the
µ-ranges of stop-holes where it was stated that for any large value of 𝑑 , any stop-hole
regardless of the distance 𝑑 will accelerate the crack propagation for a constant distance.

Figure 21) Graph of the change in time-steps of the %80 rapture of the plate with two holes
vs di and dij

Figure 22) The variation of the time-step of the %80 rupture vs dij of the plate with two stopholes
It should be noted that the above conclusions were made only by taking into account the
horizontal relative positions of the initial crack-tip and holes. A more detailed study can be
carried out, as the crack dynamics is affected not only by the horizontal distance of the holes
but also the vertical distance and diameter, D, of the holes as well as the initial pre-existing
crack length, which are beyond the extent of this paper.
4. Conclusions
In the scope of this study, the effects of various linear/non-linear combinations of stop-holes
on toughness enhancement in brittle materials are investigated under tensile and shear loadings
by performing ordinary state-based peridynamic (OSB-PD) analysis. The numerical algorithm
is assessed by solving benchmark cases with various facture modes and the results are

compared with the experimental-numerical finding of literature [9,49]. It is demonstrated the
OSB-PD can predict very similar final fracture patterns observed in the experiments for modeI, mode-II, and mixed mode I-II loading conditions [49]. Additionally, the accuracy of
presented approach is further validated with respect to experiments and dynamic phase-field
method for crack propagation in porous media. The OSB-PD is shown to produce superior final
fracture pattern than that of phase-field method. Furthermore, Broek [5] and Miyagawa et al.
[6] reported in their experimental studies that a crack is attracted towards any nearby hole in a
porous media. This important physical phenomenon is accurately captured by our numerical
results.
Having validated the proposed algorithm and its numerical implementation on various
challenging problems, we have studied further complex problems that involves various stopholes combinations for toughness enhancement under tensile and shear loadings. The
toughening effects of the proposed stop-hole configurations are evaluated referring to the total
split and failure lengths. These stop-holes combinations are shown to be very effective for
decreasing the total split length, the total failure length and the average propagation velocity of
the cracks, hence increasing the material toughness. The effect of the distance of multiple stopholes from the crack tip is also investigated. It is observed that every stop-hole has an influence
domain (i.e., the µ-range) beyond which the crack dynamics is not significantly affected. It is
noted that when the stop-hole intercepts the crack-tip, the material toughening is maximized.
On the other hand, if the stop-hole is located in the far field of the crack tip, the material
toughness decreases. Additionally, it is concluded from the analysis with two stop-holes that
the toughening effect is maximized when both stop-holes are placed near crack tip. Depending
on the distance between two holes, material toughness can be tailored. Finally, the influence of
drilling stop-holes on labour and material cost is also compared for different stop-hole
configurations. Hence, this comparison can provide valuable information for addressing timecost-trade off problems
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