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Orientation mapping of quasicrystalline materials is demonstrated using crystalline approximant structures in
the technique of electron backscatter diffraction (EBSD). The approximant-based orientations are symmetrised
according to the rotational point group of the quasicrystal, including the visualization of orientation maps using
proper colour keys for quasicrystal symmetries. Alternatively, approximant-based orientation data can also be
treated using pseudosymmetry post-processing options in the EBSD system software, which enables basic grain
size estimations. Approximant-based orientation analyses are demonstrated for icosahedral and decagonal
quasicrystals.

1. Introduction
Since the discovery of a “metallic phase with long-range orienta
tional order and no translational symmetry” in 1982 [1], quasicrystals
(QC) [2] remain an extremely fascinating topic in materials science [3].
Applications of quasicrystalline materials include, for example, the
strengthening of alloys with quasicrystalline particles in alloys of alu
minium [4–8] and magnesium [9,10]. It was also observed that qua
sicrystals can show a higher hydrogen uptake than conventional hy
drogen storage materials [11]. Quasicrystals are known for their high
wear resistance and low friction coefficient [12]. One peculiar appli
cation of quasicrystals were non-sticky coatings deposited on frying
pans [13,14].
The crystal structure of a quasicrystal is characterised by a nonperiodic arrangement of atoms, which no longer complies with threedimensional translation symmetry as a prerequisite of the classical
space-group types [15]. Therefore, it can become a challenge to char
acterise quasicrystalline materials if the available analysis methods do
not allow for quasicrystal symmetry. In scanning electron microscopy,
this includes common crystallographic techniques in materials science,
such as electron backscatter diffraction (EBSD) [16,17] or transmission

⁎

Kikuchi diffraction (TKD) [18]. EBSD and TKD are both based on the
detection of Kikuchi diffraction patterns [19,20], which carry the
crystallographic information from the sample.
In order to facilitate the application of EBSD to quasicrystalline
materials, we discuss two examples, namely an icosahedral quasicrys
talline material obtained after rapid solidification and decagonal qua
sicrystals from a crystal growth experiment.
Icosahedral phases are the only known quasicrystals with 3D qua
siperiodicity. Decagonal quasicrystals are the largest family of axial QC
with 2D quasiperiodicity. The latter commonly represent a sequence of
2, 4, 6 or 8 quasiperiodic layers periodically stacked along the 10-fold
axis [21]. The bonds within layers can be as strong as of those between
layers which results in atomic shifts of several tenths of angstrom out of
the layers. Beside these misalignments the layer stacking appears
strictly periodic, which is concluded from X-ray or electron diffraction
patterns. From the strong diffuse scattering for lattice planes perpen
dicular to the 10-fold axis on the other hand the missing or only partial
periodicity within the layers was deduced. A consequence of the atomic
structure of the discussed quasicrystals is the appearance of additional
5-fold and 10-fold rotational symmetry in their Kikuchi diffraction
patterns, as is shown in Fig. 1.
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Table 1
Overview of quasicrystalline symmetries and available approximants suitable
for an orientation description. The crystal structure data is given in the re
spective Table in the Appendix (other approximant are discussed in [21]).
Symmetry

QC Point
Group

Approximant

Approx. Point
Group

Table

Ref.

Octagonal
Decagonal
Dodecagonal
Icosahedral

8/mmm
10/mmm
12/mmm
-5 -3 2/m

β-Mn/Mn12Si5
Al13Co4
Mn4Si
W-TiZrNi

4/m
m
6/mmm
m -3

A.1
A.2
A.3
A.4

[37]
[38]
[39]
[40]

accordingly in the data treatment.
Based on the similarities between quasicrystals and their approx
imant structures, we demonstrate orientation determination from
quasicrystal Kikuchi patterns using approximant structures in com
mercial EBSD systems and we discuss various data treatment possibi
lities to transform approximant orientation data into approximated
quasicrystalline orientation data.
2. Materials and methods
2.1. EBSD Orientation analysis using approximants
In Table 1, we list possible known approximant structures for use in
EBSD systems. The approximant structures have a lower symmetry than
the corresponding quasicrystal. As a result, when orientations are de
termined based on the approximant crystal symmetry, the EBSD system
can assign symmetrically non-equivalent approximant orientations to
quasicrystal Kikuchi patterns which actually represent equivalent qua
sicrystal orientations. For the often used IPF-map color visualization
[36], this means that points in a common quasicrystal grain can show
different colors when indexed with the approximant structure. The
potential assignment of seemingly different orientations within a grain
will influence the grain detection, if the actual equivalence of these
orientations in the higher symmetry point group of the quasicrystal
cannot be accounted for by the EBSD analysis software.
To circumvent this problem in a first approximation, post-proces
sing of the approximant orientation data can be applied completely
inside the EBSD system software using functionality that is commonly
used for cleaning of pseudosymmetry issues [41]. As will be discussed
below, this provides a relatively simple solution for problems like grain
size estimations of quasicrystalline materials without additional dedi
cated software. While the grain detection by itself could potentially also
be achieved by a statistical similarity analysis of the backscattered Ki
kuchi patterns [42–45], the indexing by an approximant structure does
provide quantitative orientation data. The key problem, however, is
that the further analysis of this orientation data by the EBSD system
software is limited in terms of correct visualization and quantititive
analysis of genuine quasicrystal orientations. For example, the sym
metry properties of orientations in quasicrystal point groups are ne
glected in the available IPF color keys. In effect, even if we can assign a
uniform color to specific grains using the pseudosymmetry cleaning, it
can still be hard to recognize which other grains actually correspond to
nearly equivalent orientations of the quasicrystal when using the ap
proximant IPF color key. A possible option to incorporate the symmetry
of the quasicrystal into the orientation data therefore is to index the
data using an approximant structure in the EBSD system software as
discussed above, and then use dedicated external software to symme
trize the approximant-based orientation data according to the correct
quasicrystal point group. This will be described below using the open
source software MTEX [46].

Fig. 1. Kikuchi patterns observed in EBSD measurements with marked typical
symmetry elements of (a) the icosahedral and (b) the decagonal quasicrystalline
structures.

Despite that fact that these quasicrystalline materials can show clear
Kikuchi diffraction (BKD) patterns, there is a lack of dedicated analysis
options for quasicrystal orientation determinination and phase dis
crimination in the commercial EBSD systems. This is why, so far, the
applications of EBSD to quasicrystals were mainly limited to the ana
lysis of individual BKD patterns [22–31]. The orientation mapping of
quasicrystals in a Mg alloy was demonstrated in [32], but the EBSD
patterns recorded from different grains were still analysed individually
due to a lack of software integration. Using dedicated software for
dictionary-based indexing [33], orientation determination was de
monstrated for a quasicrystalline microstructure in [34].
One approach to take into account the unconventional point group
symmetries in the orientation analysis of quasicrystal Kikuchi patterns
is to consider crystal structures which produce closely similar Kikuchi
diffraction patterns but which can be described by a three-dimension
ally periodic lattice, the so-called approximants. In the context of
pseudosymmetry misindexing problems in EBSD system software, the
close structural relationship of the cubic approximant crystal structure
of α-Al(Fe,Mn,Cr)Si to that of the corresponding icosahedral quasi
crystal was discussed in [35]. From a different perspective, this ob
servation points to a possibility for the analysis of quasicrystals via their
approximant structures. Because the approximant is a conventional
crystal structure, it can be imported into the available EBSD system
software and used for indexing of quasicrystal EBSD data, provided that
the extra symmetry of the quasicrystal structure is taken into account

2.2. Materials investigated
As the basic starting material for the icosahedral quasicrystal, an
2
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Fig. 2. Hemispherical diffraction signals displayed in stereographic projection. (a) experimental BKD signal of the decagonal AlNiCo, (b) simulated signal of the
monoclinic approximant structure Al13Co4 using the dynamical theory of electron diffraction [54].

alloy of Ti40Zr40Ni20 was arc melted in high vacuum evacuated argon
atmosphere from high-purity elements using an Arc Melter AM
(Edmund Bühler GmbH). The solid sample was produced by suction
casting into a copper mould of = 6 mm and a length of 55 mm. The
chosen composition and casting technique are based on previous stu
dies in [47]. The solidified cylinder was polycrystalline, with grains of
icosahedral quasicrystalline symmetry. The EBSD analysis was per
formed on a cross-section with a normal direction referred to as Z-axis.
The AlCoNi decagonal quasicrystals were grown using the
Czochralski method from Al-rich melts as described in [48].

USA). This resulted in the raw approximant orientation data sets
from the system software (HT-RAW), which were then treated by
pseudosymmetry cleaning in EDAX OIM Analysis 7 or Oxford
Instruments Channel5 (HT-PS) and subsequently symmetrized to the
QC point group using MTEX (HT-MTEX)
b) In order to analyze the precision of the HT based approaches, pat
tern matching using dynamically simulated approximant data (PMAP) was applied on the stored EBSD patterns [49–51]. See supple
mentary material for matched patterns.
c) For a comparison to true QC Kikuchi data, pattern matching was
also carried out using experimental Kikuchi reference patterns [52]
of the relevant quasicrystals (PM-QC)

2.3. Sample preparation
The sample surfaces were manually prepared using standard me
tallographic polishing techniques: grinding down to 2000 grit SiC paper
followed by a polishing with 3 µm and 1 µm diamond suspension. The
last step was a surface finishing by polishing for 10 min with colloidal
silica (50 nm).

3. Results
3.1. 2D quasiperiodicity
For phases with a quasicrystal symmetry M/m m m (M = 8, 10, 12 )
and the respective enantiomorphic group M 2 2, the assignment of a
quasicrystal orientation from an approximant orientation is possible
based on the general discussion of Euler angles in [53]. For a non-ro
tated crystal with Euler angles { , , } = {0, 0, 0} with the relevant
pseudo-M-fold axis of the approximant along the Z-axis and aligned
parallel to the M-fold axis of the quasicrystal, φ and θ of the approx
imant orientation can be directly used for the quasicrystal. The different
multiplicity M can be accounted for by a correction of the Euler angle ψ,
which describes a rotation around the main symmetry axis. If we call
the determined angle of the approximant ψa, the corresponding
equivalent Euler angles ψq of the quasicrystal are:

2.4. EBSD data acquisition
The decagonal and icosahedral quasicrystalline samples were in
vestigated in a LEO 1530VP FE-SEM (Zeiss) and in a Versa 3D FE-SEM
(FEI), both operated at 20 kV with a beam current of ≈ 11 nA.
For the orientation maps the EBSD patterns of the e FlashHR de
tector (Bruker Nano) mounted on the LEO were binned down to a re
solution of 160 × 115 pixels, whereas the patterns of the Hikari de
tector (EDAX) mounted on the Versa were binned down to an image
size of 120 × 120 pixels. For subsequent post-processing, all raw pat
terns were stored. To indicate the quality of sample preparation, ex
ample BKD patterns are shown in Fig. 1.

q

=

a

mod 360 / M

(1)

A given orientation derived within the point group of the approximant
is thus related to a correspondingly higher number of orientation de
scriptions which are symmetry-equivalent in the point group of the
quasicrystal.
As an example, we discuss the decagonal quasicrystal AlNiCo in
combination with the monoclinic Al13Co4 as the approximant. The
monoclinic axis of this approximant is the pseudo 10-fold axis. Fig. 2
compares the experimental Kikuchi diffraction signal of AlNiCo with a
simulated intensity distribution [54] of the approximant.
The reference projection in Fig. 2(a) represents a symmetrized
montage of several experimental Kikuchi diffraction patterns from the

2.5. EBSD data analysis
The different approaches for EBSD data analysis which we applied
in the present study are summarized in the list below. For quick re
ference in the text, each method of data treatment will be referred to by
the respective abbreviation in brackets.
a) Hough transform (HT) based indexing was carried out using the
approximant structures in Bruker Esprit 1.94 (Bruker Nano GmbH,
Berlin, Germany) and EDAX Team 4.5 (EDAX Inc., Mahwah, NJ,
3
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Fig. 3. IPF-Y map after indexing with the monoclinic approximant (a) (HT-RAW). The apparently systematic orientation selection in (a) is caused by the orientationdependent variation in band detection at very low magnification visible as pattern quality in (b). After consideration of the five-fold rotation around [001], Channel5
(PS-HT) (c) and OIM Analysis (HT-PS) (d) recognise all grains correctly. The small colour deviations between (c) and (d) are the result of differently defined colour
keys shown as inset. The red frame in (d) refers to the subset discussed in Fig. 4. (For interpretation of the references to colour in this figure legend, the reader is
referred to the web version of this article.)

decagonal quasicrystal AlNiCo of point group 10/m m m [52]. For
comparison, the simulated signal in Fig. 2(b) was calculated from the
crystal structure data of Al13Co4. The monoclinic axis of the approx
imant is aligned with the 10-fold axis of the quasicrystal. The close
similarity of the Kikuchi patterns in Fig. 2(a) and (b) illustrates that the
approximant structure can be a suitable alternative to index actual
quasicrystal Kikuchi patterns.
Using the approximant structure of Al13Co4 in the EBSD system
software, we show the resulting orientation maps of the AlNiCo qua
sicrystal sample in Fig. 3(a). The visible speckling within grains in
Fig. 3(a) indicates that the EBSD system is sensitive to effects of the
lower symmetry of the approximant. We see different pseudosymmetric
orientation solutions within the point group of the approximant, for the
same quasicrystal orientation within a grain. If no specific pseudo
symmetric solution would be preferred by the indexing algorithm of the
EBSD system, each of the ten orientation solutions should be randomly
distributed within a single grain. The grain marked on the left side of
the map in Fig. 3(a), however, apparently displays only two different
colours. The inverse pole figure inset for Y proves that this visual im
pression is misleading since the grain really contains 8 from possible 10
orientation descriptions. The missing two orientation solutions are
possibly systematically rejected by the EBSD indexing algorithm due to
a slightly higher mean angular deviation of the detected Kikuchi bands.
The systematic intra-grain features in Fig. 3(a) can also be seen in
the pattern quality map in Fig. 3(b). These orientation artefacts are
known to result from the change in projection center with changing
position in the map, which systematically biases the orientation

determination [55].
The initial, approximant-based EBSD orientation data shown in
Fig. 3(a) would be of only limited value because the quasicrystal grains
are highly influenced by the pseudosymmetric solutions of the ap
proximant. In the following, we will discuss how this data can be cor
rected with the help of EBSD analysis software like Channel5 (Oxford
Instruments) and OIM Analysis (EDAX) which contain options for
pseudosymmetry cleaning of orientations. This functionality is applied
for correction of the approximant orientations to result in a single
symmetry-equivalent grain orientation for the quasicrystal. The number
of equivalent orientation descriptions depends on the multiplicity M of
the enantiomorphic symmetry and the point group of the approximant.
In order to derive the orientation-consistent maps as in Fig. 3(c) and
(d), the missing symmetries are additional rotations by multiples of
36 degrees around [001] which emulate the effect of an additional fivefold symmetry for the decagonal quasicrystal relative to the already
existing two-fold symmetry of the approximant. This post-processing
procedure results a correct recognition of grains, as can be seen by the
uniform colors of the grains in Fig. 3(c) and (d).
While the grain sizes and shapes can be determined correctly by the
approach discussed here, the interpretation of the actual grain colors in
the orientation map is limited by the lower symmetry of the EBSD
system color key for the point group 2/m of the approximant, which
cannot convey the actual 10-fold symmetry. In order to obtain a correct
colour coding for the quasicrystal orientations, we have used MTEX
[46]. The IPF colour-coding considering the according enantiomorphic
group 1 1 2 of the approximant is shown in Fig. 4(a). This colour coding
4
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Fig. 4. IPF-Y orientation maps for decagonal AlNiCo. a) indexed with the Al13Co4 monoclinic approximant in the Bruker system software (Esprit 1.94) (HT-RAW) and
displayed with a symmetry 1 1 2, b) MTEX-symmetrised orientations from a) for point group 10 2 2 (HT-MTEX), c) refined orientations from b) by pattern matching
with dynamical simulation for Al13Co4 (PM-AP), d) pattern matching with experimental EBSD reference pattern using starting orientations from b) (PM-QC).

this value to (95c ) = 0. 3 (PM-AP). For the pattern matching result using
the experimental reference patterns as shown in Fig. 4(d), the 95th
percentile of the KAM angle is reduced to (95d) = 0. 12 (PM-QC), i.e. it is
more than an order of magnitude better than for the initial result in
Fig. 4(b). The significant difference between the approximant pattern
matching result and the pattern matching to the experimental reference
shows that the lower approximant symmetry is limiting the available
orientation precision, i.e. approximant Kikuchi pattern simulations are
less suitable for highest angular resolution analysis.

correctly describes orientations as composed of orientations only, in
contrast to an ambiguous colour coding when using the Laue group 2/m
[56]. The map in Fig. 4(a) covers the reduced region described by the
red frame in Fig. 3(d) in order to allow a better discrimination of fea
tures.
For the consistent handling of orientation data from quasicrystals,
MTEX makes it possible to freely define the relevant point groups and
their colour keys based on rotation operators which are generators of
these groups. Because the orientations of the approximant structure are
a subgroup of the quasicrystal orientations, the approximant-based
orientations can be symmetrized by the assignment of the quasicrystal
point group to the approximant-based orientation data. This requires
that the rotation axes are identically aligned, e.g. for 1 1 2 with 2∥Z the
10-fold axis in 10 2 2 only need to be defined along Z. The two-fold axis
10 can be defined e.g. to be along the X direction.
After processing of the orientation data shown in Fig. 4(a) by MTEX
according to point group 10 2 2, the IPF map mostly shows a constant
colour within the same grain, as seen in Fig. 4(b). In the symmetrized
data, mainly some single pixels with different color remain, which we
assign to indexing problems of the EBSD system software used during
acquisition.
In Fig. 4(c), we have solved the misindexed points by a pattern
matching approach using a dynamical Kikuchi pattern simulations as
described in [49]. Caused by the lower symmetric approximant, some
systematic orientation artefacts still remain, which are most visible in
the blue grain which is in the right central part of the map. To further
improve the orientation precision, we have also applied pattern
matching against the experimental quasicrystal data as described in
[52]. The corresponding orientation map is shown in Fig. 4(d).
The relative precision of the orientation data shown as the IPF-Y
map in Fig. 4 can be estimated from the distribution of the Kernel
average misorientation (KAM) angles, which we characterize by the
value of the 95th percentile ϑ95 of the KAM angle distribution [55]. We
found that the system software indexing results in (95b) = 1. 6 (HTMTEX). The approximant pattern matching leads to an improvement of

3.2. 3D quasiperiodicity
Quasicrystals with 3D periodicity, e.g. of icosahedral symmetry can
be treated in the same way as the 2D quasicrystals discussed above,
using subgroup relationships. To this end, it is useful to describe the
orientation of the quasicrystal in such a way that it also fits the sym
metry operators of the approximant. For an approximant with cubic
symmetry 2/ m 3̄, the rotation axes of the quasicrystal should be or
iented as shown in Fig. 5:

2

Z,

3

X + Y + Z,

5

X + Y,

This setting of the icosahedral group is denoted as 2 3 5 [57] with
< 001 > – < 111 > – < 110 > as directions of view.
The gray-dotted cube indicates the main axes and represents one
possibility to describe a cubic set of vertices as part of a pentagondo
decahedron. From the remaining four other solutions of inserting a cube
into the same pentagondodecahedron, one is given by red/blue lines.
The two colours are used to indicate that there are two cubes with the
same alignment but non-equivalent orientations. This cube cannot be
transferred by rotations of the dodecahedron with the aim to change
red to blue and blue to red.

5
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Fig. 5. Description of the orientation of a pentagonal dodecahedron by two
differently oriented cubes. The gray-dotted cube has a symmetry of m3̄m ) and
enables five solutions, whereas the blue-red coloured cube has a symmetry of
m3̄ and stands for ten possible orientation descriptions. (For interpretation of
the references to colour in this figure legend, the reader is referred to the web
version of this article.)

Fig. 7. Orientation mapping of icosahedral quasicrystals using raw orientation
data derived from cubic approximants and symmetrization by MTEX. The
colour key below for rotational group 2 3 5 is bounded by the five-fold, threefold and two-fold axes, with their directions based on the golden ratio x [57]
(HT-MTEX).

As for quasicrystals with 2D periodicity, the recognition of sym
metry-equivalent orientations for a grain or misorientation computa
tion requires the input of all missing symmetry-elements in the EBSD
system software. Because of the higher symmetry this is more compli
cated. For instance, a five-fold rotation axis is also only roughly de
scribable by a lattice direction since the exact rotation axis [1,0,x] with
x = ( 5 + 1)/2 is 0.75∘away from the low-indexed < 305 > . Similar
conditions exist for the three-fold axis where some of them are parallel
to < 111 > , the relevant alignment is, however, parallel to
[0, x 1, x ], see Fig. 7. Moreover, the correct description of the rotation
axis in the system software is important since < 305 > is not sym
metry-equivalent to < 503 > .
In Fig. 6a, the orientation solution for the cubic approximant (WTiZrNi, point group 23) is displayed.
Fig. 6 a shows the expected multiple orientation solutions within
grains caused by the subgroup symmetry of the approximant. After
manual implementation of the five-fold symmetry axis along
< 305 > , all symmetry-equivalent orientation solutions are discovered
and grains appear with a unique colour, cf. Fig. 6b. The colouring of
the map, however, refers to the displayed colour key of the cen
trosymmetric group m3̄ which is ambiguous for an evaluation of the
crystal orientation [56]. However, for conclusions regarding grains or
misorientations it is sufficient so that many investigations and

Fig. 6. Orientation determination of icosahedral quasicrystals by the cubic
approximant W-TiZrNi. a) raw orientation data coloured for the sample normal
(IPF-Z) (HT-RAW). b) result after pseudosymmetry cleaning using 72∘rotations
around < 305 > in OIM Analysis (EDAX). Note: colouring uses the colour key
for Laue group m3̄ (bottom) because a 2 3 5 color key is not available in OIM
Analysis (HT-PC).

6
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calculations can be performed.
We have defined the point group 2 3 5 in MTEX 5.2 and used this
symmetry for plotting of orientation maps. Use of point group 2 3 5
extends the number of 12 symmetry-equivalent orientation descriptions
for the symmetry group 2 3 to a number of 60 symmetry-equivalent
orientation descriptions. In other words, MTEX checks each orientation
whether one of the 60 descriptions practically matches to the orienta
tion description found at the adjacent pixel. The resulting IPF-map is
given in Fig. 7.
Note that the fundamental sector of the symmetry group 2 3 5
(below the map) is no more defined by lattice vectors of a three-di
mensional periodic lattice, but by directions [p, q, r] based on the
golden ratio x. There are low-indexed cubic lattice vectors close to these
directions: [0-38], [038], and [305]. These directions can be often used
since their angular deviations to the real directions are 0.35∘and
0.75∘which is in the order of the orientation precision and below the
maximum misorientation used during grain detection.

determine the crystal orientations of icosahedral and decagonal quasi
crystalline samples by electron backscatter diffraction. We showed how
some critical limitations of commercial EBSD software regarding the
analysis of quasicrystals can be circumvented. We proposed to derive an
approximate orientation of the quasicrystal from the orientation of a
classical (periodic) crystalline phase, determined from a Kikuchi pat
tern of the quasicrystal, by symmetrization of the orientation data. We
estimate that the resulting uncertainty for determining the quasicrystal
orientation is similar to the uncertainty observed for conventional 3Dperiodic crystals.
For orientation analyses of quasicrystalline materials with increased
angular resolution, orientation data are sufficient as initial values for
further orientation refinement. In contrast, dynamic pattern simulations
of approximants do not provide reliable templates for high-precision
orientation refinement, since orientation artefacts are introduced by the
lower symmetry of the approximants and their patterns. In order to
improve quasicrystal orientation precision, we have shown that ex
perimental reference data can be used alternatively for the refinement
of approximant-based quasi-crystalline orientations [52].
It is expected that similar procedures as demonstrated here for the
icosahedral and decagonal quasicrystals can be applied to EBSD in
vestigations of dodecagonal and octagonal quasicrystals and their ap
proximants. In this way, the approach presented here facilitates the
application of EBSD to quasicrystalline materials to study, among other
topics, the rapid solidification and crystal growth of quasicrystalline
phases.

3.3. Application to other crystal structures
The approach discussed here should work in any EBSD system
software as long as it offers functionality which is required for the
elimination of twin boundaries or for treatment of pseudosymmetry
issues.
However, the symmetrisation procedure described above differs in
the result from that used to correct pseudosymmetry issues as demon
strated in [58] using the example of pyrite (FeS2, m3̄). In [58], mis
indexed orientations were converted with respect to the higher sym
metric group of m3̄m in order to ascribe a uniform orientation to a
complete grain. The pseudo-symmetric solutions of pyrite were indeed
different, however, and the correction procedure accounts for the lim
itations of the EBSD indexing software to detect a lower symmetry.
In contrast, for the quasicrystals discussed here, the problem is to
index the high symmetry of the quasicrystal. For this type of “pseudo
symmetry cleaning” [41], the different lower-symmetric orientation
solutions of the approximant will be correctly assigned to a unique,
symmetry-equivalent solution of the quasicrystal point group.
The approach used here should thus work in the same way for
classical crystals of higher symmetry, for which only a lower symmetric
structure description of a related phase is available. This is not un
common for hexagonal phases, for which orthorhombic or monoclinic
approximations in databases might be available.
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4. Summary
In the study presented in this manuscript we used approximants to
Appendix A. Appendix

Table A.1
Crystal structure data of Mn12Si5 (Space-group type: no. 87 (I 4/m), a=8.96 Å, c=5.04 Å) octagonal quasicrystal approximant [37].
Atom

x

y

z

Occupation

Mn1
Mn2
Si1
Si2

0.1169
0.0604
0.0869
0.0000

0.1809
0.6339
0.6946
0.0000

0.248
0.0000
0.5000
0.0000

1
1
1
1
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Table A.2
Crystal structure data of Al13Co4 (Space-group type: no. 8 (C m), a=12.340 Å, b=15.183 Å, c=8.122 Å,
quasicrystal approximant [38].

= 90 ,

= 90 ,

= 108 ) decagonal

Atom

x

y

z

Occupation

Co1
Co2
Co3
Co4
Co5
Al1
Al2
Al3
Al4
Al5
Al6
Al7
Al8
Al9
Al11
Al12
Al13
Al14
Al15
Al16
Al17
Al18
Al19
Al20
Al21
Al22
Al23
Al24
Al25
Al26
Al27
Al28
Al29
Al30
Al31
Al32
Al33
Al34

0.3827
0.3732
0.0129
0.018
0.2774
0.1745
0.2803
0.469
0.424
0.031
0.169
0.4996
0.2307
0.212
0.1119
0.1116
0.334
0.331
0.477
0
0.6171
0.6269
0.987
0.982
0.7226
0.825
0.72
0.532
0.576
0.966
0.8313
0.7693
0.788
0.888
0.8884
0.666
0.669
0.523

0.0863
0.6045
0.9094
0.5978
0.3185
0.055
0.3296
0.7675
0.923
0.7548
0.5224
0.502
0.702
0.9052
0.1854
0.3641
0.1769
0.4919
0.3678
0.4985
0.9137
0.3954
0.0903
0.402
0.1827
0.9455
0.6702
0.2329
0.077
0.2452
0.447
0.2975
0.095
0.3143
0.1241
0.3226
0.0087
0.1219

0
0
0
0
0.2925
0
0
0
0
0
0
0
0
0
0.2176
0.2107
0.2192
0.2247
0.2103
0.2485
0
0
0
0
0.2297
0
0
0
0
0
0
0
0
0.2826
0.2717
0.2806
0.2793
0.2898

1
1
1
1
1
1
1
1
0.3
0.7
1
1
1
0.7
1
1
1
1
1
1
1
1
1
1
1
1
1
1
0.3
0.7
1
1
0.7
1
1
1
1
1

Table A.3
Crystal structure data of Mn4Si (Space-group type: no. 191 (P 6/mmm), a=17.058 Å, c=4.64Å) dodecagonal quasicrystal approximant [39].
Atom

x

y

z

Occupation

Si1
Mn1
Mn2
Mn3
Mn4
Mn5
Mn6
Mn7
Si2
Mn8
Mn9
Mn10
Mn11
Si3
Mn12
Mn13
Mn14

0.0000
0.0000
0.2680
0.5778
0.1349
0.2784
0.4233
0.4263
0.5718
0.5718
0.1749
0.3405
0.5028
0.4237
0.4237
0.5000
0.3333

0.0000
0.0000
0.0000
0.1555
0.0000
0.1392
0.1407
0.0000
0.2859
0.2859
0.0875
0.1702
0.2514
0.0837
0.0837
0.0000
0.6667

0.2671
0.2671
0.2557
0.2457
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.5000
0.5000
0.5000
0.5000
0.5000
0.5000
0.5000

0.34
0.64
1
1
1
1
1
1
0.52
0.48
1
1
1
0.76
0.24
1
1
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Table A.4
Crystal structure data of W-TiZrNi (Space-group type: no. 204 (I m3̄), a=14.317 Å) icosahedral quasicrystal approximant [40].
Atom

x

y

z

Occupation

Ni1
Ni2
Ti1
Ti2
Ti3
Ti4
Zr1
Zr2
Zr3
Zr4

0.0000
0.1894
0.0000
0.1476
0.4075
0.1965
0.0000
0.0000
0.1476
0.1965

0.0000
0.1894
0.1049
0.1883
0.0000
0.0000
0.3097
0.1906
0.1883
0.0000

0.0000
0.1894
0.1049
0.4020
0.5000
0.5000
0.1130
0.3115
0.4020
0.5000

1
1
1
0.4
1
0.5
1
1
0.6
0.5

Supplementary material
Supplementary material associated with this article can be found, in the online version, at 10.1016/j.ultramic.2020.113093.
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