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in classical and non-classical frameworks. In this study, a new Timoshenko beam formulation is presented within
peridynamic framework. Peridynamics (PD) is a new continuum mechanics formulation within the class of non-local
continuum mechanics. PD was introduced by Silling (2000) and it is especially suitable for predicting failure.
Moreover, it has a length scale parameter called horizon so that non-local effects can be captured. Especially during
the recent years, there has been a rapid progress on peridynamics research. Amongst these Imachi et al. (2019)
developed a new transition bond concept for dynamic fracture analysis which was then used for dynamic crack arrest
analysis (Imachi et al., 2020). Kefal et. al. (2019) utilized peridynamics for topology optimization of cracked
structures. De Meo et. al. (2016) and Zhu et. al. (2016) studied granular fracture in polycrystalline materials by using
peridynamics. Oterkus et. al. (2012) performed peridynamic impact damage assessment of reinforced concrete. It is
also possible to perform fatigue analysis within peridynamic framework as demonstrated in Oterkus et. al. (2010b).
Anisotropic materials such as composites can be analyzed by utilizing peridynamics (Oterkus et. al. 2010a; Oterkus
and Madenci 2012a,b). Peridynamics is also suitable for analysis of nanostructures including graphene (Liu et. al.
2018). Microcrack-macrocrack interactions is another important problem of interest in fracture mechanics which was
studied by Vazic et. al. (2017) and Basoglu et. al. (2019) by using peridynamics. Peridynamics is not limited to
structural analysis and can be used for other fields. To perform damage analysis in Lithium-Ion batteries, Wang et. al.
(2018) developed a coupled diffusion-mechanical model to predict fracture evolution during lithiation process.
Moisture is an important concern for electronic packages and Diyaroglu et. al. (2017b) presented peridynamic wetness
approach for moisture diffusion analysis. In addition, Oterkus et. al. (2014) performed peridynamic hygro-thermomechanical analysis to predict failure in electronic packages. In another study, Diyaroglu et. al. (2017a) demonstrated
how to perform peridynamic diffusion analysis in a commercial finite element software. De Meo et al. (2017) presented
a peridynamic pitting corrosion damage model which was then further studied by De Meo et. al. (2017) to predict
crack initiation and propagation from corrosion pits.
As the main focus of this study, peridynamics has also been utilized to model beam, plate and shell type simplified
structures. O’Grady and Foster developed a non-ordinary state-based peridynamic beam model suitable for Euler
beams. In another study, Diyaroglu et al. (2019) presented Euler beam formulation in ordinary state-based framework.
As an extension of this study, Yang et. al. (2020) introduced a new Kirchhoff plate formulation in state-based
peridynamic framework. Taylor and Steigmann (2015) developed a two-dimensional peridynamic model for thin
plates. Vazic et. al. (2020) proposed a peridynamic model suitable for Mindlin plates resting on a Winkler foundation.
In this study, a new peridynamic formulation is presented for Timoshenko beams. The formulation is obtained by
using Euler-Lagrange equation. Several benchmark cases are considered for different boundary conditions and
peridynamic solutions are compared against finite element method results.
2. Classical Timoshenko Beam Formulation
According to classical Timoshenko beam theory, the displacement components of a material point in axial (x) and
transverse (z) directions, u and w , respectively, can be expressed in terms of transverse displacement and rotation of
the material points along the central axis, w and  , as

u  x, z , t  z
  x, 0, t  z

(1a)

w
 x, z, t  w
 x, 0, t  w

(1b)

By using the definitions given in Eqs. (1a,b), strain components can be defined as

x
w
 xz  
x
 zz  0

 xx  z

Next, the stress components for Timoshenko beam can be written as

(2a)
(2b)
(2c)
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(3a)
(3b)

where E and G are elastic and shear moduli, respectively. The strain energy of a material point, W , can obtained
by using the stress and strain expressions given in Eqs. (2a-c) and (3a,b) as

W

2
2
w  
1
1  2   









Ez

G

 xx xx xz xz    

 
2
2
x  

 x 



(4)

where  is the shear correction factor. The average strain energy density can be calculated by integrating the strain
energy density expression given in Eq. (4) throughout the cross-sectional area and dividing by the cross-sectional
area, A , as
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where I is the moment of inertia.
2

W
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(5)

3. Peridynamic Timoshenko Beam Formulation

The peridynamic equation of motion for a Timoshenko beam can be obtained by using Euler-Lagrange equation and
can be written for a particular material point k as
d L
L


0

dt q ( k ) q ( k )

(6)

with the Lagrangian,
(7a)

L T  U

and degrees of freedom
 
q(k )   (k ) 
 w( k ) 
The total kinetic and potential energy of the beam can be calculated, respectively, as
T

U

1
I

 ( k )  A (2k )  w (2k ) V( k )
2 k

W
k

V

(k ) (k )

   b ( k )  q ( k )  V( k )
k

where ( k ) is the density, V( k ) is the volume and the body load vector, b ( k ) , is defined as

(7b)
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(9)

To obtain the peridynamic equation of motion, the classical strain energy density expression given in Eqs. (4) and (5)
should be converted into a peridynamic form. This can be achieved by using Taylor’s expansions and the following
relationships can be obtained
  ( k )
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(10b)

where  is the horizon size and A is the cross-sectional area. By substituting the definitions given in Eqs. (10a,b)
into Eq. (5) yields the strain energy densities of the material point k and the material point inside its horizon j as
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By using Eqs. (8a,b) and (11a,b), the peridynamic equations of motion of Timoshenko beam can be obtained from
Euler-Lagrange equation given in Eq. (6) as
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4. Numerical results
In order to validate the current peridynamic Timoshenko beam formulation, several different benchmark problems
were considered for a beam subjected to central loading under simply supported, clamped and mixed (clamped-simply
supported) boundary conditions. Peridynamic solutions were compared against finite element analysis results.
4.1. Simply supported beam subjected to a central point force

Fig. 1. Simply supported beam subjected to a central point force.

In the first example case, a Timoshenko beam having 1 m length, 0.05 m width and 0.1 m thickness is considered as
shown in Fig. 1. The elastic modulus and Poisson’s ratio are specified as 200 GPa and 0.3, respectively. The shear
correction factor is specified as   5 / 6 . For spatial discretization, a discretization size of  0.002 m is utilized.
The horizon size is chosen as   3 . The steady-state solution is obtained by using adaptive dynamic relaxation
scheme presented in Kilic and Madenci (2010). A point load of F  100 N is applied at the center of the beam as a
body load. The simply supported boundary conditions were applied by introducing fictitious regions both at the left
and right edges. Finite element analysis (FEA) solution was obtained by using ANSYS, a commercial finite element
software. Finite element model was created by using 100 BEAM188 elements along the beam.

(a)

(b)

Fig. 2. Variation of (a) transverse displacement, (b) rotation along the beam (PD: Peridynamics, FE: Finite Element Analysis).
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Variation of transverse displacement and rotation along the beam is shown in Fig. 2. PD results are compared against
FEA results and a very good agreement is observed between the two solutions.

4.2. Clamped beam subjected to a central point force

Fig. 3. Clamped beam subjected to a central point force.

In the second example case, as shown in Fig. 3, the simply-supported boundary conditions were replaced with clamped
boundary conditions at both right and left edges. Variation of transverse displacement and rotation along the beam is
depicted in Fig. 4 and a very good agreement was obtained between PD and FEA results.

(a)

(b)

Fig. 4. Variation of (a) transverse displacement, (b) rotation along the beam (PD: Peridynamics, FE: Finite Element Analysis).

4.3. Beam subjected to a central point force and mixed boundary conditions

Fig. 5. Beam subjected to a central point force and mixed boundary conditions.
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In the last example case, a mixed boundary condition was considered by assigning clamped boundary condition at the
left edge and simply supported boundary condition at the right edge as shown in Fig. 5. Variation of transverse
displacement and rotation results along the beam was compared between PD and FEA results. As depicted in Fig. 6,
a very good match was observed between the two approaches.

(a)

(b)

Fig. 6. Variation of (a) transverse displacement, (b) rotation along the beam (PD: Peridynamics, FE: Finite Element Analysis).

5. Conclusions
In this study, a new peridynamic formulation was presented for Timoshenko beams. Peridynamic equations were
obtained by using Euler-Lagrange equations and Taylor’s expansion. To validate the newly developed peridynamic
formulation, a Timoshenko beam subjected to central point load under simply supported, clamped and mixed
(clamped-simply supported) boundary conditions was considered. Peridynamic results were compared against finite
element analysis solutions and a very good agreement was observed between the two solutions.
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