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We numerically investigate inertial ﬂows of viscoelastic ﬂuids within a three-dimensional cross-slot geometry of
square cross-section. Our study focuses on the inertial instability that occurs above a critical Reynolds number
(Re) resulting in a transition to a steady ﬂow asymmetry. We investigate numerically the eﬀects of elasticity
upon its characteristics by employing the upper-convected Maxwell (UCM), the Oldroyd-B and the modiﬁed
Chilcott–Rallison ﬁnitely extensible nonlinear elastic (FENE–MCR) models. In so doing, we show that the UCM
and the Oldroyd-B model results are restricted to very low nominal Weissenberg numbers at non-negligible
Reynolds numbers, due to a signiﬁcant increase in the strain rate at the stagnation point caused by inertia. The
resulting steady-asymmetric ﬂow at these critical conditions gives rise to the formation of a single axially-aligned
spiral vortex, which is formed along the outlet channels of the geometry in good agreement with experimental
observations. Below these critical conditions the ﬂow remains steady-symmetric, varying from a nearly twodimensional ﬂow at very low Re to a more complex three-dimensional ﬂow at higher Re. In a recent publication
[Burshtein et al. [Phys. Rev. X, 7, 041039, (2017)]], we demonstrated experimentally, accompanied by limited
complementary numerical simulations, the impact of elasticity upon the critical conditions for which the instability develops and the behaviour of the subsequent growth of vorticity of the single spiral vortex. Our results
here show how diﬀerent viscoelastic models inﬂuence the instability in a 3D cross-slot and demonstrate an
interesting behaviour of the ﬁrst normal-stress diﬀerence, providing an additional insight on the potential
mechanisms which are responsible for the suppression of the spiral-vortex. We also elucidate the role played by
solvent-to-total viscosity ratio and the extensibility parameter in the FENE–MCR model on the instability.

1. Introduction
Cross-slot geometries have arguably increased their popularity
among other extensional ﬂow conﬁgurations, due to their ability to
provide a range of diﬀerent operations and for their inherent simplicity
in terms of design and usage [1,2]. These types of geometries are
composed of four intersecting channels with two opposing inlets and
two opposing outlets. The two incoming ﬂuid streams, with equal imposed ﬂow rates, meet at the middle of the cross-slot and generate a free
stagnation point, which is the hallmark of this conﬁguration. The major
characteristic of stagnation point ﬂows, like the ones generated by
cross-slots, is that ﬂuid elements are either subjected to high velocity
gradients for a limited time at the region surrounding the stagnation
point, or are trapped at the stagnation point and are subjected to high
strain rates for “inﬁnite” time [2]. The importance of stagnation point
ﬂows for investigating diﬀerent ﬂow-type behaviours was initially recognized by Taylor, who introduced the four-roll mill design [3]. With
this device, Taylor could generate strong extensional ﬂows using a

⁎

matrix ﬂuid and further deform or cause break-up of suspended droplets by trapping them at the stagnation point. Similar geometries and
other set-ups able to generate extensional ﬂows with free stagnation
points such as opposed jet devices or cross-slots, were used for studying
the dynamics of polymer molecules in extensional ﬂows [4–7] or for
investigating inertial instabilities [8–10]. More recently, microﬂuidic
versions of stagnation point geometries (in particular cross-slots) have
become popular [11–14]. Microﬂuidic devices typically operate at very
low Reynolds numbers (i.e. creeping-ﬂow conditions) such that Newtonian ﬂow within a cross-slot geometry remains symmetric, thus
providing a planar elongational ﬁeld [2,15]. The low inertia also enhances the importance of elastic eﬀects that arise due to microstructural
deformations in complex ﬂuids at high Weissenberg numbers. Furthermore, the planar nature of the cross-slots allows the response of
complex ﬂuids to the extensional ﬂow ﬁeld to be characterized and
understood in details using experimental techniques such as ﬂow velocimetry, birefringence measurement, and x-ray and neutron scattering [2].
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laminar conditions was exploited and the mixing performance with
both conﬁgurations was investigated [42,43]. Recently, the heat
transfer enhancement due to the spiral vortex instability in the crossslot was investigated by Abed et al. [44], both experimentally and
numerically. In their experiments, the authors used temperature-sensitive ﬂuorescent dye and performed detailed measurements of temperature distributions. They were able to show an improved heat
transfer between the two incoming ﬂuid streams when the spiral vortex
was formed and demonstrated a good agreement with their numerical
simulations.
In our recent publication [45], we demonstrated in a series of experiments that the addition of small (order of a few parts-per-million,
ppm) quantities of a ﬂexible polymer to a Newtonian solvent, resulted
in a great impact upon the critical conditions for which the instability in
the cross-slot occurred. This was evident by the signiﬁcant reduction in
both Rec and the subsequent growth of vorticity of the spiral vortex for
all ﬂuids considered. Our experimental studies were accompanied by
limited complementary numerical simulations using the modiﬁed
Chilcott-Rallison, FENE–MCR, model [46,47] and we demonstrated a
near-quantitative agreement, providing an additional insight into how
the instability mechanism is modiﬁed by the presence of ﬂuid elasticity.
Such signiﬁcant elastic eﬀects at such low polymer concentrations have
usually only been reported in the context of turbulent drag reduction
[48–51]. Thus the results also provide insights on possible mechanisms
of drag-reduction and the observed vortex suppression by focusing only
on a single stream-wise vortex.
Here we performed an extended series of 3D computational ﬂuid
dynamics (CFD) simulations in a cross-slot using the upper-convected
Maxwell (UCM), the Oldroyd-B [52] and the FENE–MCR models [47].
We characterise the behaviour of these models for cases of constant
elasticity numbers, trying to mimic real experiments, and report their
behaviour for the cases of constant Weissenberg numbers but varying
Re. For all cases the results are compared to the equivalent response of a
Newtonian ﬂuid. The numerical simulations provide a greater insight
on the rich mechanisms of this inertial instability and on the ﬂow destabilisation that occurs at lower Reynolds numbers when polymer
solutions are employed compared to the Newtonian case.
The remainder of the paper is organised as follows. In Section 2 the
governing equations and the theoretical models used are presented,
followed by the overview of the numerical procedures and the material
properties of the diﬀerent models. In Section 3 the problem is described
and the geometry employed is introduced together with the characteristic dimensionless numbers. Section 4 presents the numerical results obtained for the Newtonian ﬂuid and the viscoelastic ﬂuids considering two diﬀerent approaches. Moreover, an investigation reporting
the inﬂuence of the solvent-to-total viscosity ratio and the extensibility
parameter is also provided. The section is concluded by demonstrating
an interesting behaviour of the ﬁrst normal-stress diﬀerence. Finally,
the main conclusions of the current study are summarised in Section 5.

Based on these characteristics, cross-slot geometries have found
great success for investigating the generation of elastic instabilities in
extensional ﬂows of complex ﬂuids, both experimentally [16–18], and
numerically [19–23]. Their ability to apply large deformations around
the stagnation point was exploited and has been employed to operate as
possible extensional rheometers [2,15,24–26]. In particular, optimised
shapes of the standard cross-slot were utilised to generate homogeneous
extension at a well-deﬁned region and not only in a small volume
around the stagnation point, as occurs in the traditional set-up
[14,27,28]. Moreover, microﬂuidic cross-slots have been used in biomedical research in order to trap and investigate the response of a
single-molecule or of a single-cell of interest at the stagnation point,
where their potential to serve as disease diagnostic platforms was reported [29–34].
The majority of studies related to microﬂuidic cross-slot geometries
have investigated ﬂuid ﬂows and cell responses at very low Reynolds
numbers (Re). However, a growing interest exists in inertial-microﬂuidics for cell-analysis and sample preparation [35,36] and also in
strategies that can enhance mixing in microﬂuidics, to promote for
example chemical reactions at moderate Re. As discussed in Oliveira
et al. [37], mixing can be most easily achieved in turbulent ﬂows,
however ﬂows in microﬂuidic components usually reside in the laminar
regime and therefore this process of mixing is a challenging task using
microdevices. Inducing inertial turbulence in microﬂuidic geometries is
not easy and for many applications this can be undesired [38]. Other
techniques which are based on molecular diﬀusion attempt to mix reactants at the microscale, but are not eﬃcient due to the very small
characteristic time scales. Therefore for passive micro-mixers, alternative solutions which exploit instabilities or ﬂuid non-linearities have
been proposed to enhance mixing [37].
In the early 1990s, Lagnado and Leal [8] investigated a Newtonian
ﬂuid ﬂow within two four-roll mill devices designed with diﬀerent aspect ratios. They demonstrated the generation of signiﬁcant three-dimensional (3D) secondary ﬂows as Re was increased from low to
moderate values, leading to the onset of an inertial instability above a
critical ﬂow rate. Later, Kalashnikov and Tsiklauri [9,10] employed
high aspect ratio (depth to width ratio) cross-slot channels and reported
similar ﬂow transitions in laminar ﬂows of Newtonian ﬂuids and
polymer solutions of both low and high polymer concentrations. More
importantly, the authors showed that although the inertial instability
was not altered by the presence of the polymer additives, its quantitative characteristics were aﬀected, illustrating a decrease in the critical
Reynolds number (Rec) for increasing elasticity number (El). Despite
the fact that these ﬂow transitions were known for similar ﬂows, only
recently the transitions for Newtonian ﬂuids in a cross-slot were fully
characterised by Haward et al. [39]. The authors investigated both
experimentally and numerically the ﬂow transition of a Newtonian
ﬂuid, from the steady-symmetric to the steady-asymmetric state, considering a range of microﬂuidic cross-slot devices that were fabricated
with diﬀerent aspect ratios. They demonstrated similar transitions as
those presented by Lagnado and Leal [8] and reported the critical
conditions for the onset of the inertial instability in terms of Rec for
each design. For low Reynolds numbers below Rec (Re ≪ Rec), the ﬂow
remained steady-symmetric and could be considered as a nearly twodimensional (2D) ﬂow. When inertia was increased, but still remained
below critical conditions (Re < Rec), four symmetrically positioned
Dean vortices were formed [40], with the ﬂow still being symmetric
relative to the ﬂow centreplanes. For values above Rec, a single spiralvortex was formed and the ﬂow was seen to undergo a bifurcation to a
steady-asymmetric state. In this state, an axially-aligned spiral vortex
extends along the outlet channels of the geometry. The authors performed both increasing and decreasing ramps of the imposed ﬂow rate
and characterised the ﬂow bifurcation depending on the aspect ratio of
the geometry. A similar type of inertial instability also occurs in Tshaped channels and was characterised by Poole et al. [41]. The ability
of cross-slot and T-junction geometries to generate “vortex-ﬂows” in

2. Governing equations
The critical conditions for which the inertial instability in the crossslot occurs are investigated numerically using the UCM, Oldroyd-B and
FENE–MCR models [47,52]. The ﬂow for all ﬂuids is considered to be
laminar, incompressible and isothermal and is evaluated by performing
3D simulations using a ﬁnite-volume method [53]. The equations
solved numerically are those of conservation of mass and momentum:

∇·u = 0,

(1)

∂u
+ u ·∇u⎞ = −∇p + ∇ ·τ ,
ρ⎛
⎝ ∂t
⎠

(2)

where ρ is the density, p is the pressure, u is the velocity vector, and τ is
the stress tensor consisted of the polymeric, τp, and solvent, τs, components (τ = τs + τp ). The contributions of the solvent component to the
13
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stress tensor are expressed by the Newtonian constitutive equation
τs = ηs (∇u + ∇uT), with ηs being the solvent viscosity. In order to account for the eﬀects of elasticity, the polymeric part of the stress tensor
is described by an appropriate constitutive equation. Here all models
are compactly described by the equation of the FENE–MCR model, of
which the UCM and the Oldroyd-B models are limiting cases:

τp +

λ ▿
τp = ηp (∇u + ∇uT).
g (τp)

(3)

▿
τp

In Eq. (3),
is the upper-convected derivative of the polymeric component of the stress tensor, λ is the relaxation time and ηp is the polymeric contribution to the total viscosity. The ratio, β = ηs / η , between
the solvent viscosity (ηs) and the total shear viscosity of the investigated
ﬂuid (η = ηs + ηp ) is called the solvent-to-total viscosity ratio. The
function g(τp) of the stress tensor in Eq. (3) is deﬁned as

g (τp) =

L2 + (λ / ηp)Tr(τp)
L2 − 3

,

(4)

where L2 is the extensibility parameter and Tr(τp) corresponds to the
trace operator of the polymeric stress tensor. The extensibility parameter is used to relate the maximum length of a fully-extended
dumbbell to its equilibrium length and here is set as L2 = 5000, unless
stated otherwise, in order to match the experimental conditions of the
polymer solutions with constant viscosity employed in our previous
study [45]. At the limiting case of L2 → ∞, Eq. (3) reduces to the
Oldroyd-B model, while for L2 → ∞ and ηs = 0 the UCM model is recovered.
All three viscoelastic models considered exhibit constant shear
viscosity, with the UCM and the Oldroyd-B models predicting a constant ﬁrst normal-stress coeﬃcient. On the contrary, the FENE–MCR
model predicts a non-zero but shear-thinning ﬁrst normal-stress coefﬁcient which is controlled by the value of L2 [47].
Free stagnation point ﬂows like the ones generated by a cross-slot
conﬁguration provide the appropriate conditions which achieve steady
extension [2,28]. It is well known that under these conditions the UCM
and the Oldroyd-B models will predict an inﬁnite extensional viscosity,
ηe, above a critical local Weissenberg number Wiɛ̇ = λ ɛ̇ = 0.5
[19,52,54], where ɛ̇ is the applied strain rate. Although solutions obtained from CFD simulations above this critical value are sometimes
possible due to the integrable stress ﬁeld, their inﬂuence on the inertial
instability in such cases is clearly unphysical [55] and therefore, we
decided to limit the use of these two models by estimating the local Wiɛ̇
at the stagnation point as will be discussed in detail later. On the other
hand, all FENE models, and therefore the FENE–MCR model employed
here, exhibit a more realistic behaviour by predicting a bounded response for ηe [47,54,56,57] and thus its usage can be extended to
Wiɛ̇ > 0.5. This behaviour of the extensional viscosity, non-dimensionalised here by η, is shown in Fig. 1a considering steady planar extension, where the response of the Oldroyd-B model for β = 0.90 is
compared to the predictions of the FENE–MCR model for β = 0.90
under diﬀerent values of the L2 parameter and for β = 0.95 with
L2 = 5000 . Additionally, in Fig. 1b the dimensionless ﬁrst normal-stress
diﬀerence, N1/2τ = (τxx − τyy )/2τ , for steady shear ﬂows of the same
cases is shown, where τ corresponds to the applied shear stress. For the
Oldroyd-B and UCM models, the growth of the dimensionless ﬁrst
normal-stress diﬀerence is unbounded, increasing linearly with λγ̇,
where γ̇ is the applied shear rate, since it can be shown that
N1/2τ = (1 − β ) λγ˙ . For the FENE–MCR model it can be shown that
when λγ̇ > > 1, the ﬁrst normal-stress diﬀerence is bounded, reaching
to a plateau at N1/2τ ∼ (1 − β )((L2 − 3)/2)1/2 .
The set of the governing equations (Eqs. (1)–(4)) are solved numerically using an in-house implicit, time marching, ﬁnite volume CFD
solver, appropriate for collocated numerical grids, described in detail in
Oliveira et al. [58] and Oliveira [59]. The convective terms in both
the momentum equation (Eq. (2)) and the stress constitutive relation

Fig. 1. Viscometric properties of the Oldroyd-B model for β = 0.90, the FENE–MCR model
for β = 0.90 using diﬀerent values of L2, and the FENE–MCR model with L2 = 5000 for
β = 0.95 . (a) Extensional viscosity in steady extensional planar ﬂow scaled by the total
shear viscosity, and (b) ﬁrst normal-stress diﬀerences scaled by the characteristic total
shear stress (τ = ηγ̇ ) in steady shear ﬂows.

(Eq. (3)) are discretised with the CUBISTA high-resolution scheme
proposed by Alves et al. [60]. The diﬀusive terms are discretised considering a central diﬀerence scheme, while the transient terms are
evaluated using a ﬁrst-order implicit Euler scheme. It is noted here that,
since we are interested only in the steady-state solutions (steady-state
instability), the ﬁrst-order of accuracy is not restrictive due to the
vanishing time derivative when steady-state is reached.
Finally, a useful parameter that is employed in order to discuss our
results in Section 4.5 is the ﬂow-type parameter deﬁned as

ξ=

D − Ω
,
D + Ω

where D =
tensor, D =

(5)

D : D 1/2
2

( )

1
[∇u
2

is the magnitude of the rate-of-deformation

+ (∇u )T ], and Ω =

(

Ω : Ω 1/2
2

)

is the magnitude of

1

the vorticity tensor, Ω = 2 [∇u − (∇u )T ]. Using the velocity ﬁeld from
the CFD simulations, the ξ parameter is evaluated and varies within the
range [−1, 1]. When ξ = −1 the ﬂow is rotational, when ξ = 1 the ﬂow is
characterised by pure extension and when ξ = 0 the ﬂow is simple shear
[4,61].
3. Problem description and dimensionless numbers
The three-dimensional cross-slot geometry used in this study is illustrated in Fig. 2. The ﬂuid of interest is injected from the two
14
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characterise the eﬀects of viscoelasticity, a Weissenberg number is
needed [62,63] to provide a measure of the ratio of elastic to viscous
forces. Here the Weissenberg number is deﬁned as Wi = λU / w . However, due to the variety of the ﬂuids we examine (with or without
solvents) and in order to take into account the solvent contributions to
the above deﬁnition, we also deﬁne an “eﬀective” Weissenberg number
as an additional parameter:

Wi eff = (1 − β )Wi.

(8)

This deﬁnition takes into account that the solvent viscosity contributes
to the viscous stresses but not the elastic stresses. Concluding, an indication of the balance between the elastic to viscous forces is provided
by the elasticity number El, deﬁned here as

El=

Fig. 2. (a) Cross-slot conﬁguration with AR = H / w = 1. (b) Interrogation region where
the dimensionless centrepoint vorticity, ψ, is evaluated in order to report the critical
conditions of the formation of the spiral vortex. Streamlines of yz-centreplane are projected on the corresponding contours of the axial vorticity ωx = (∂uz / ∂y ) − (∂uy / ∂z ) for a

w
ωx (x = y = z = 0) .
U

λη
,
ρw 2

(9)

In this section we report our results from the 3D simulations, which
follow two diﬀerent strategies. Before explaining the results from these
strategies, all behaviours of the viscoelastic ﬂuids are presented in
comparison to the equivalent Newtonian response which is used as a
reference. Therefore, initially we demonstrate our results just for the
Newtonian case and compare them to existing results in literature
[39,44]. Then, for the ﬁrst strategy, and in order to closely reproduce
real ﬂow conditions, a number of simulations are performed considering that El remains ﬁxed (cf. Eq. (9)). For these particular cases,
ramps are performed both up and down in Re in order to examine the
value of Rec for which the onset of the instability occurs and the value
Re*c below which the instability vanishes. For the second approach, all
evaluations start from an initially steady-asymmetric solution and then
the Reynolds number is progressively reduced while Wi is kept constant
(thus the ﬂuid elasticity number changes). The critical Reynolds
number Re*c , below which the ﬂow returns to steady symmetric is reported.

(6)

where U is the mean inlet velocity. When performing ramps of increasing Re the ﬂow initially remains steady-symmetric at low values.
As the ﬂow rate is gradually increased it reaches to a critical point (Rec)
where it is then replaced by a steady-asymmetric ﬂow [8,39]. The opposite transition occurs for decreasing ramps from above the critical
ﬂow rate, which we use here to report the critical conditions. Starting
from an already steady-asymmetric case, we seek the steady solution of
the ﬂow ﬁeld at smaller ﬂow rates and the critical Reynolds number,
Re*c , below which the ﬂow returns to a steady-symmetric state. Hysteresis in the critical value between the increasing and decreasing
ramps may or may not occur depending on the aspect ratio of the crossslot device AR [39]. For the particular case investigated here with
AR = 1, hysteresis in the transition is expected [39,45] at least for a
Newtonian ﬂuid. The single axially-aligned spiral vortex that is formed
during the ﬂow destabilisation is shown in Fig. 2, and extends for a
length along the outlet channels of the geometry remaining steady in
time (see Fig. 2a), at least until signiﬁcantly larger Reynolds numbers
are reached. It is mentioned here that although in the current study we
focus on the steady-state inertial instability, it was shown experimentally in Burshtein et al. [45] that as the polymer concentration of the
ﬂuid is increased, the ﬂow becomes unsteady, with the position and the
magnitude of the vorticity ﬂuctuating in time.
For all ﬂuids considered in this study, the results are reported using
an instability parameter, the dimensionless centrepoint vorticity ψ,
evaluated at the geometric centre of the cross-slot as shown in Fig. 2b.
The instability parameter is evaluated from the axial component (xdirection) of vorticity, ωx = (∂uz / ∂y ) − (∂u y / ∂z ), using the numerical
solution obtained for the velocity ﬁeld and is non-dimensionalised as

ψ=

= (1 − β )

4. Numerical results and discussion

opposing inlets with equal ﬂow rates along the y-direction and is directed along the x-direction to the exits of the two opposing outlets. In
our simulations, fully-developed velocity proﬁles are imposed at the
inlets of the cross-slot and zero stream-wise gradients are considered for
the velocities and the stresses at the outlets. The width, w, of the device
is set to be equal to the height, H, resulting a geometry with an aspect
ratio AR = H / w = 1.
As was shown in Haward et al. [39], the inertial instability of
Newtonian ﬂuids in cross-slot conﬁgurations may be generated when a
critical Reynolds number is exceeded. The Reynolds number is deﬁned
as

ρUw
,
η

Re

which is independent of the kinematics and depends only on the geometric and ﬂuid properties (in the absence of shear-thinning).

Newtonian ﬂuid.

Re =

Wi eff

4.1. Newtonian ﬂuid behaviour and implications for singular models (UCM
and Oldroyd-B)
Fig. 3 illustrates the transition from steady-asymmetric to steadysymmetric ﬂow, while performing decreasing ramps of Re from an initially high value (Re = 50 ). The superimposed streamlines on top of the
contours of the evaluated dimensionless vorticity depict the single
steady spiral-vortex formed for Re = 50 (cf. Fig. 3a). As Re is decreased
the ﬂow reaches to the critical value of Rec* ∼ 40 where the intensity of
the vortex decreases and the dimensionless centrepoint vorticity obtains its minimum non-zero value (cf. Fig. 3b). Further decreases of Re
result in a ﬂow that is steady-symmetric relative to the ﬂow centreplanes, with viscous forces managing to damp any disturbances. As
can be seen in Fig. 3c for the case of Re = 39, the four counter-rotating
symmetrically positioned Dean vortices [40] are formed, as was shown
in Haward et al. [39], with the non-dimensional centrepoint vorticity
obtaining a zero value (ψ = 0 ). For lower Reynolds numbers the Dean
vortices vanish and the ﬂow can be considered quasi 2D when Re < 5
(except close to the walls).
In Fig. 4a, the behaviour of the non-dimensional centrepoint vorticity for a Newtonian ﬂuid is presented for both increasing and decreasing Re ramps. It can be seen that a hysteresis exists at the critical
conditions for the inertial instability between the two ramps considered, similar to what was found numerically in Haward et al. [39]
and also experimentally in Burshtein et al. [45] when using a cross-slot
geometry with AR = 1. Here, the critical Reynolds for the decreasing

(7)

When viscoelastic ﬂuid ﬂows are investigated in order to
15
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Fig. 3. Dimensionless vorticity contours with superimposed streamlines in the interrogation area for decreasing ramps of a Newtonian ﬂuid.

ramps is found to be at Re*c ∼ 40, while for the increasing ramps the onset
of the instability is at Rec ∼ 46, with both values being in good
agreement with the study of Haward et al. [39]. It is pointed out here
that the hysteresis observed in our numerical simulations for Newtonian ﬂuids (and, as will be shown later, also for viscoelastic ﬂuids)
depends on the level of noise and therefore on many factors (i.e. numerical solver, numerical method, mesh size). For example, in Abed
et al. [44], the authors used the ﬁnite-volume method within ANSYS
workbench and they reported the onset of the inertial instability for
increasing ramps at Rec ∼ 53. On the other hand, the critical Reynolds
number, Re*c where the transition occurs for decreasing ramps is found
to be more repeatable. Both in Haward et al. [39] and in Abed et al.
[44], it is reported at Rec* ∼ 40. More importantly, in Burshtein et al.
[45] we demonstrated a near quantitative agreement between experiments and numerical simulations for the obtained Re*c with decreasing
ramps for Newtonian and viscoelastic ﬂuids. Thus, in the remainder of
the paper for all the ﬂuids considered in this study, we report the values
of Re*c obtained from the decreasing ramps.
Concluding with the Newtonian case and before discussing the behaviour of the viscoelastic ﬂuids, we use the results obtained here to capture
the development of the strain rate along y = 0 on the xy-centreplane at the
stagnation point, evaluated as ɛ̇ = ∂u y / ∂y . As mentioned earlier in
Section 2, the values of ɛ̇ limit the cases that can be examined when the
UCM and the Oldroyd-B models are employed. This is due to the inﬁnite
values of the extensional viscosity predicted by these models beyond
λɛ̇ = 0.5 in any steady-state extensional ﬂow, as occurs at the geometric
centrepoint in our cross-slot due to inﬁnite residence time (u x = u y = 0 ).
Fig. 4b demonstrates the corresponding dimensionless strain rate obtained
from the non-dimensional streamwise velocity along the ﬂow centreline, for
the cases of decreasing Re. For creeping-ﬂow conditions (Re → 0) the strain

rate has its maximum absolute value with ɛ̇/(w / U ) ∼ 4 as expected; i.e.
assuming the velocity varies from ∼ +2U to − 2U over a distance w. At the
critical value Re*c =40, where the spiral vortex is formed, the applied strain
rate at the stagnation point reaches its maximum value with
ɛ̇/(w / U ) ∼ 7.5. Interestingly, for Re > 40 the absolute strain rate at the
stagnation point obtains smaller values, with the centrepoint strain-rate
exhibiting a non-monotonic behaviour with Re. Using the maximum obtained value at Re = 40 and evaluating the critical local Weissenberg
number based on the elongation rate at the stagnation point (Wiɛ̇ = λ ɛ̇ ), it
can be determined that the limiting values for the UCM and the Oldroyd-B
ﬂuids are at a nominal Wi ∼ 0.0667 and therefore for the Oldroyd-B at
potentially negligible Wieﬀ value (i.e. for β = 0.95 at Wi = 0.0667,
Wi eff = 0.003335; see Eq. (8)). This shows that in 3D cross-slots with inertia,
the UCM and the Oldroyd-B models are restricted to vanishingly small effective Weissenberg numbers.
4.2. Constant elasticity number cases
Several viscoelastic ﬂuids were investigated under conditions of
constant elasticity number (cf. Eq. (9)). Fig. 5a demonstrates the behaviour of the UCM and the FENE–MCR models with β = 0 for
El = 0.00083. In Fig. 5b the behaviour predicted for the FENE–MCR
model with β = 0.90 and β = 0.97 at El = 0.0042 and El = 0.00083 respectively is shown, and in Fig. 5c the equivalent response for the FENE–MCR model with β = 0.95 at El = 0.0021 and β = 0.99 at
El = 0.00018 is presented. For all cases considered, irrespectively of
whether the ramps are increasing or decreasing, both Rec and Re*c are
reduced compared to the response of the Newtonian ﬂuid. Additionally,
similar to the case of the Newtonian ﬂuid, all viscoelastic ﬂuids exhibit
a hysteretic behaviour in the critical conditions.

Fig. 4. (a) Behaviour of the dimensionless centrepoint vorticity for a Newtonian ﬂuid and (b) dimensionless absolute streamwise strain rate (ɛ̇ = ∂uy / ∂y ) along the inlet ﬂow centreline
obtained for decreasing ramps of Reynolds numbers.
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Fig. 5. Behaviour of the dimensionless centrepoint vorticity for the (a) UCM and FENE–MCR with L2 = 5000 for β = 0 at El = 0.00083, (b) FENE–MCR with L2 = 5000 for β = 0.90 at
El = 0.0042 and β = 0.97 at El = 0.00083 and (c) FENE–MCR with L2 = 5000 for β = 0.95 at El = 0.0021 and β = 0.99 at El = 0.00018 when increasing and decreasing ramps are performed
in comparison with the equivalent behaviour of the Newtonian ﬂuid.

for consistency we show the same direction of rotation in all the plots included here.
The numerical solutions for the decreasing ramps obtained for the UCM
model at El = 0.00083 and the FENE–MCR model with β = 0.95 at
El = 0.0021 using our base mesh consisting of 63,291 numerical cells, were
repeated with a more reﬁned mesh consisting of 203,125 numerical cells in
order to verify the mesh-dependency of our numerical simulations. Minor
deviations with a maximum variation of 4% on the critical Reynolds
number obtained between meshes were found. Therefore, the remaining
results presented here were obtained using the less reﬁned base-mesh.

Examining the behaviour of the centrepoint vorticity, it can be seen that,
depending on the elasticity and the choice of β, the viscoelastic ﬂuids demonstrate diﬀerent behaviours when the ﬂow is steady-asymmetric. For the
UCM ﬂuid and the equivalent FENE–MCR ﬂuid with β = 0, that do not
contain any solvent contributions (cf. Fig. 5a), almost identical solutions are
obtained, with ψ following a solution branch at higher values compared to
the Newtonian case at the investigated low elasticity values. On the other
hand for all the remaining FENE–MCR ﬂuids that are characterised by small
amounts of polymer contributions, it is observed that as β decreases, the
vorticity growth also decreases with Re while Re ≥ Re*c . The latter is in line
with the experiments performed for solutions of small quantities of a ﬂexible
polymer in Newtonian solvents [45]. As we have recently shown in
Burshtein et al. [45], the complementary numerical simulations we performed demonstrate a near-quantitative agreement with experiments.
However, as seen from the response of the viscoelastic ﬂuids in Fig. 5a for
low β values the resulting behaviour is a spiral vortex with higher centerpoint vorticity compared to the Newtonian case. This increase of the
centerpoint vorticity at this low elasticity regime depends on the choice of β,
and this behaviour has not yet been observed experimentally. Considering
that the ﬂuids described by the FENE–MCR model, shown in Fig. 5b and 5c,
are characterised by small polymer concentrations, it can be realised that
the level of inﬂuence of the polymer to the ﬂow and the modiﬁcations
observed are remarkable. Such signiﬁcant elastic eﬀects with very low
polymer concentrations have usually only been reported in the context of
turbulent drag reduction [48–51].
In Fig. 6 the contours of the dimensionless vorticity and the streamlines
at the interrogation area are shown, depicting the form of the steady-state
spiral vortex which is obtained from the simulations for the UCM model at
El = 0.00083 and the FENE–MCR ﬂuids for β = 0.90 and β = 0.95 at
El = 0.0042 and El = 0.0021, respectively. It is noted here that the clockwise or the anticlockwise orientation of the spiral vortex occurs with the
same probability for all cases [39], thus the bifurcation is perfect. Although

4.3. Constant Weissenberg number cases
Here the behaviour of the viscoelastic ﬂuids following our second
strategy is presented. During this procedure the Weissenberg number remains constant, while only decreasing ramps of Re are performed until Re*c
is encountered. Fig. 7 demonstrates the behaviour of the FENE–MCR ﬂuids
with β = 0.90 and β = 0.95 and the behaviour of the Oldroyd-B ﬂuids with
β = 0.50, β = 0.75 and β = 0.95 compared with the FENE–MCR model for
L2 = 5000 under the same conditions (β and Wi). For all cases, the Newtonian behaviour is also included for comparison. Particularly for the Oldroyd-B ﬂuids, only the investigated cases at Wi = 0.05 (which are below the
restricting Weissenberg number) are shown, and are compared with the
equivalent response from the FENE–MCR model.
As in the cases of constant elasticity number presented previously, the
ﬂow transition for all ﬂuids at all investigated Wieﬀ occurs at a Reynolds
value which is found to be smaller than the equivalent critical value of
Newtonian ﬂuids. For moderate Wieﬀ, the FENE–MCR ﬂuids (Fig. 7a and
7b) preserve the inertial instability with reduced centrepoint vorticity
values, as was seen in Section 4.2 for the constant elasticity cases. We
believe that this behaviour is closely related to the already known mechanism from studies related to turbulent drag reduction. As discussed in

Fig. 6. Dimensionless vorticity contours with superimposed streamlines in the interrogation area for decreasing ramps for the (a) UCM at El = 0.00083, (b) FENE–MCR with L2 = 5000 for
β = 0.90 at El = 0.0042, and (c) FENE–MCR with L2 = 5000 for β = 0.95 at El = 0.0021.
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Fig. 7. Behaviour of the FENE–MCR ﬂuids with L2 = 5000 when (a) β = 0.90 and (b) β = 0.95, at decreasing Re ramps while Wi is constant and (c) behaviour of the Oldroyd-B and the
equivalent FENE–MCR with ﬂuids with L2 = 5000 and β = 0.50, β = 0.75 and β = 0.95 at Re decreasing ramps when Wi = 0.05 . All cases are compared to the response of the Newtonian
ﬂuid.

Kim et al. [49], the torque generated by the polymer forces opposes the
rotation of the vortices, randomly created in the turbulent ﬂow, decreasing
their vorticity. Here it is restricted to a single vortex that is formed in a
very controlled manner. On the contrary, for the low Wieﬀ ≲ 0.025 ﬂuids
shown in Fig. 7 (FENE–MCR and Oldroyd-B models), it can be seen that
although the critical conditions are found to occur for lower Re, the centrepoint vorticity obtains higher values than the equivalent of the Newtonian case. This trend is similar to what was observed in the cases of
constant elasticity. Moreover, the response of the Oldroyd-B model shown
in Fig. 7c demonstrates clearly that this eﬀect depends on the choice of β
(Wi is the same for all ﬂuids), with these results being accurately reproduced by the FENE–MCR model.
In Fig. 8 both the Weissenberg and the eﬀective Weissenberg
number (cf. Eq. (8)) are plotted as a function of Re*c , for all viscoelastic
ﬂuids investigated. Together with the results obtained from the constant Weissenberg number cases, which are presented with open symbols, also the cases discussed previously in Section 4.2 of constant El are
included and indicated with closed symbols. More speciﬁcally in Fig. 8a
it can be seen that as the elastic forces and the polymer concentration
are increased (c ≡ ηp / ηs = (1/ β ) − 1, [56]) for the FENE–MCR model,
the critical conditions of the transition are shifted towards lower Reynolds number values compared to the Newtonian case. The same also
applies for the UCM and the Oldroyd-B models, for which our investigation is limited by the critical Weissenberg number at the stagnation point (Wiɛ̇ = 0.5) and is only applicable for very small elasticity
values. It can be seen that they exhibit a behaviour similar to that seen
for the FENE–MCR model, with the critical conditions for the onset of
the inertial instability encountered at lower values of Re.
Taking into account the solvent contributions, in Fig. 8b two regions
can be identiﬁed. For the ﬁrst one, region (I), which corresponds to the
ﬂow stages (Rec* ≳ 36) where the elasticity of the ﬂuids remains at low

values, it can be seen that the data corresponding to the critical conditions of the transition collapse in a similar trend. However, as can be
seen from region (II) and while elasticity is increased, the polymer
contributions become more dominant and aﬀect the resulting ﬂow ﬁeld
more. For these cases, the ﬂuids demonstrate a slightly diﬀerent response which is inﬂuenced by the diﬀerent concentrations considered.
Thus in region (I) and the limit (Re*c , N −Re*c )/Re*c , N ≪ 1, where
Re*c , N ∼ 40 is the critical Reynolds number for a Newtonian ﬂuid, Wieﬀ
is suﬃcient to collapse the data. However, further away from this limit,
some β-dependency remains.

4.4. Eﬀects of viscosity ratio and extensibility
Here we investigate the eﬀects of the β and L2 parameters upon the
formation of the inertial instability using the FENE–MCR model. In
Fig. 9 the inﬂuence of the solvent-to-total viscosity ratio β on the
characteristics of the instability for a ﬁxed extensibility parameter
L2 = 5000 and for a constant low Weissenberg number Wi = 0.05 is
shown. More speciﬁcally, it can be seen in Fig. 9a that when the viscosity ratio is small and thus, the ﬂuid is dominated by the polymeric
contributions, the dimensionless centerpoint vorticity obtains higher
values as compared to the Newtonian ﬂuid. As the ﬂuid becomes less
elastic (decreasing Wieﬀ) and therefore is mostly controlled by the
solvent part, the dimensionless vorticity at the geometric centerpoint is
approaching the Newtonian limit. These results verify further our initial
observations with the UCM model (c.f Section 4.2) and those with the
Oldroyd-B model, demonstrating a strong dependency on the choice of
β. In Fig. 9b the variation of ψ as a function of β for diﬀerent Reynolds
numbers is presented. It can be seen that for the more elastic ﬂuids
(β ≤ 0.25), ψ decreases linearly with increasing β. Additionally, in the
same ﬁgure the variation of the critical Reynolds number Re*c for each

Fig. 8. (a) Weissenberg number and (b) eﬀective Weissenberg number as a function of Re*c for all viscoelastic ﬂuids considered in this study. The closed symbols correspond to the cases
where El is maintained constant, while the open symbols refer to the cases of constant Wi.
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Fig. 9. (a) Behaviour of the FENE–MCR ﬂuids for a range of viscosity ratios (0.01 ≤ β ≤ 0.95) when L2 = 5000 at decreasing Re ramps while Wi = 0.05, in comparison to the response of
the Newtonian ﬂuid. (b) Variation with β of the dimensionless centerpoint vorticity at diﬀerent Re and of Re*c . The solid lines are a guide to the eye while the dashed lines are a linear ﬁt of
the points for β ≤ 0.25 for ψ and of all points for Re*c .

ﬂuid is shown, clearly demonstrating that by increasing the elasticity of
the ﬂuid by practically modifying the polymer concentration (i.e. decreasing β), smaller values of Re*c are found for which the ﬂow returns
to steady-symmetric state when approaching from “above”. More importantly it can be seen that the data points follow a linear trend,
providing us with further conﬁrmation that in region (I) of Fig. 8b, the
dimensionless parameter Wieﬀ collapses all data.
Fig. 10 demonstrates the behaviour of the FENE–MCR model for a
ﬁxed solvent-to-total viscosity ratio β = 0.90 when diﬀerent values of
the extensibility parameter L2 are considered. The investigation of the
inﬂuence of L2 on the inertial instability is performed for decreasing
ramps of Re at constant Wi numbers, similar to the investigation described in Section 4.3 for the cases of β = 0.90 and β = 0.95 with
L2 = 5000 . In particular, Fig. 10a corresponds to the case with
L2 = 2500, while Fig. 10b and 10c demonstrate the responses for
L2 = 1000 and, L2 = 500 respectively. Comparing the behaviours of the
three diﬀerent cases of Fig. 10, it is clear that polymer solutions consisting of molecules that have larger maximum extensibility lengths, are
able to modify the ﬂow ﬁeld more and therefore, to maintain the ﬂow
destabilisation for smaller Reynolds numbers. As was shown in
Section 2, the higher the value of L2 the more elastic the ﬂuid will be,
with N1 and ηe reaching higher plateau values for increasing shear rates
and strain rates, respectively. The behaviours of all FENE–MCR ﬂuids
with β = 0.90 and diﬀerent extensibility parameters are shown in
Fig. 11, where the eﬀective Weissenberg number is presented as a
function of Re*c . It can be seen that the ﬂuids exhibit a similar behaviour
for very low elasticity values, but their responses start to deviate more
signiﬁcantly in region (I), compared to what was seen previously with
all data collapsing (c.f. Section 4.3) within this region. This is clearly an
eﬀect of the L2 parameter which is directly applied to the ﬂow ﬁeld

through the developed normal stresses and consequently through the
ﬁrst normal-stress diﬀerence. Increasing L2 further is not expected to
inﬂuence the ﬂow ﬁeld more, as veriﬁed by the inset of Fig. 11, where
the variation of Re*c is given as a function of L2. Clearly any further
increases of the extensibility will lead to a plateau for Re*c that corresponds to the Oldroyd-B limit (L2 → ∞).
4.5. Behaviour of ﬁrst normal-stress diﬀerences
An interesting eﬀect observed during this study is the behaviour of
the ﬁrst normal-stress diﬀerence, N1 = τxx − τyy . Usually, numerical or
experimental studies related to viscoelastic ﬂuids in cross-slot geometries are performed under creeping (Re → 0) or very low Re conditions,
eﬀectively enhancing elasticity. The majority of these studies focus
mostly on investigating the stretching of polymeric chains and usually
report the critical conditions and mechanisms for the onset of elastic
instabilities, by exploiting the existence of the stagnation point
[2,14,16,18–20,22,23,28,64,65]. For free stagnation point ﬂows it is
already known experimentally that when a speciﬁc characteristic
Weissenberg number is achieved (i.e. Wiɛ̇ ∼ 0.5), polymer chains are
stretched while approaching the region of the stagnation point and
form a sharp birefringent strand [18,24,64]. This thin strand is shaped
along the outﬂow directions indicating signiﬁcant stretching, high
tensile stress diﬀerences and macromolecular orientation at the region
close to the stagnation point, increasing in length and intensity as the
ﬂow rate (and thus Wi) is increased [2,14,18]. Numerically, this eﬀect
is evaluated by taking directly the diﬀerence between the normal
stresses that are evaluated from the numerical simulations
[19,20,22,23,64,65]. Poole et al. [19] investigated the ﬂow of a viscoelastic ﬂuid described by the UCM model within a 2D cross-slot

Fig. 10. Behaviour of the FENE–MCR ﬂuids for β = 0.90 when (a) L2 = 2500, (b) L2 = 1000 and (c) L2 = 500, at decreasing ramps of Re while Wi is constant. All three cases are compared
to the response of the Newtonian ﬂuid.
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is steady-asymmetric, shown in Fig. 12f, where the dimensionless ﬁrst
normal-stress diﬀerence has, as in the Newtonian case, two peaks a
certain distance from the vortex centrepoint.
Moving now to the case of the FENE–MCR ﬂuid with β = 0.90 at
El = 0.0042, it can be seen that a completely diﬀerent response is
manifested. When the ﬂow is at low Re and Wieﬀ, displayed in Fig. 12g,
the thin strand of the ﬁrst normal-stress diﬀerence is formed, indicating
that for this particular case an extra tension is applied along the
streamlines stretching the polymer molecules. The strand has higher
values along the xy-centreplane at the region around the stagnation
point and extends a distance downstream of the cross-slot centre. The
width of the strand at this steady-symmetric state, decays along the
vertical z-direction in a similar way to that shown by Cruz et al. [23] for
a UCM ﬂuid in a 3D cross-slot at Re → 0. Interestingly, for higher values
of Re and Wieﬀ, and while the ﬂow is still steady-symmetric, as shown in
Fig. 12h, the form of the birefringent strand is modiﬁed and obtains a
new structure. It can be seen that now the maximum high-stress values
are located at oﬀ-centre vertical positions along the z-direction, directly
“below” and “above” the stagnation point and not at the region around
it (i.e. geometric centre location). At these oﬀ-centre positions, localised high stretching of the polymer chain occurs, extending spatially
downstream of these locations. Finally for the steady-asymmetric ﬂow
shown in Fig. 12i, it can be seen that the maximum values of N1* are
now located at the vortex core in contrast to the cases of the Newtonian
and UCM ﬂuids.
The results presented so far indicate a combination of inertial and
elastic eﬀects leads to very rich ﬂow and stress ﬁelds. In Fig. 13 the
response of N1* at various spatial locations as a function of Wieﬀ is
presented, for the cases of the FENE–MCR model with β = 0.90 and
β = 0.95, during the constant elasticity number cases discussed in
Section 4.2. For both cases N1* is reported at the geometric centrepoint
for increasing and decreasing ramps. Starting from the case of β = 0.90
shown in Fig. 13a, it can be seen that for low values of Wieﬀ, within the
range 0 < Wieﬀ < 0.03, the dimensionless ﬁrst normal-stress diﬀerence obtains its maximum value at the geometric centre of the domain
(i.e. the stagnation point). As Wieﬀ and subsequently Re increases,
N1* starts to obtain higher values, compared to the centrepoint, some
vertical distance along the z-direction from the stagnation point.
The diﬀerence between the centrepoint and the oﬀ-centre values
(symmetric locations bottom and top from the stagnation point) becomes larger as we approach the critical conditions for the inertial instability. Additionally, the trends for both values (centre and oﬀ-centre)
present a non-monotonic behaviour. Finally, once the central spiral
vortex is formed, the region of the highest N1* relocates to the vortex
core as shown in Fig. 12i, in contrast to the Newtonian and the UCM
cases. The transition to asymmetry at Wieﬀ ∼ 0.09 gives rise to a signiﬁcant drop in the oﬀ-centre maxima. A similar response is observed
for the case of β = 0.95 shown in Fig. 13b. It is noted that inertia is
higher for the case of β = 0.95 and this partially explains the appearance of the oﬀ-centre N1* peaks at lower Wieﬀ.
The existence of the oﬀ-centre N1* peaks and its non-monotonic
behaviour for increasing pairs of Wieﬀ and Re can be explained by the
interplay between inertia and elasticity. Examining the streamlines and
the dimensionless velocity magnitude in Fig. 14a, it is obvious that the
ﬂow can be considered as a quasi-2D ﬂow at low Re (except close to the
walls). Fluid elements approaching the middle of the cross-slot almost
immediately turn towards the outlets of the conﬁguration. As they
approach the stagnation point region, they are highly stretched and
then are oriented towards the outlets, generating the known form of the
birefringent strand [23]. On the contrary, the ﬂow ﬁeld of Fig. 12h
depicts a more complex situation than previously observed at low Re,
due to inertia. Fluid elements that are now approaching the stagnation
point are stretched, but then are directed towards the bottom and top
walls of the conﬁguration due to the existence of the Dean vortices.
These bottom and top oriented ﬂuid streams are forming new stagnation points, as can be seen in Fig. 14b, at the bottom and top walls and

Fig. 11. Eﬀective Weissenberg number as a function of Re*c for the FENE–MCR model
with β = 0.90 when diﬀerent values of L2 are considered. The closed symbols correspond
to the cases where El is constant, while the open symbols refer to the cases of constant Wi.
The inset ﬁgure demonstrates the variation of Re*c as a function of L2.

geometry and reported the critical conditions for the onset of ﬂow
asymmetries due to elasticity. The authors demonstrated the growth of
the birefringent strand with increasing Wi downstream of the stagnation point, and also compared this behaviour with the equivalent response of a Newtonian ﬂuid under creeping ﬂow conditions. Similarly,
Xi and Graham [64] used a highly-elastic ﬂuid described by the FENE-P
model and illustrated a non-monotonic increase on the width of the
birefringent strand in a 2D cross-slot with increasing elasticity. The
authors correlated this response with the behaviour of the birefringent
strand that was observed with dilute solutions in the opposed-jet experiments of Müller et al. [6]. Moreover, during the opposed-jet experiments by Müller et al. [6] an interesting oscillating behaviour of the
width of the birefringent strand between two values was reported. The
authors assumed that this behaviour was due to the loss of the stagnation point.
In Fig. 12 we present 3D contour-plots of the dimensionless ﬁrst
normal-stress diﬀerence, N1* = N1/(ηU / w ), with superimposed streamlines along the ﬂow centreplanes for the Newtonian ﬂuid, the UCM at
constant elasticity El = 0.00083 and the FENE–MCR model with
β = 0.90 and L2 = 5000 at El = 0.0042, obtained from the decreasing Re
ramps discussed in Section 4.1, 4.2. Starting from the case of the
Newtonian ﬂuid it can be seen that at Re = 5, displayed in Fig. 12a, N1
has the “expected” behaviour with the maximum values being at the
stagnation point and slowly decaying along all directions, generating a
“sphere-like” shape. At higher ﬂow rates and when Re = 39 (still steadysymmetric ﬂow), it can be seen from Fig. 12b that N1* obtains slightly
higher values, while the region of inﬂuence acquires a more “bullet-like”
shape and is evidently aﬀected by the stronger inertia. When the ﬂow is
steady-asymmetric and the spiral vortex is formed, the behaviour of the
ﬁrst normal-stress diﬀerence is modiﬁed completely as shown in
Fig. 12c. For this last case, N1* presents two regions of high values that
are located some distance away from the vortex centrepoint (see inset
ﬁgure of Fig. 12c).
Examining now the case of the UCM ﬂuid at El = 0.00083 presented
in Fig. 12d, it can be seen that for low Re, similar to the Newtonian
case, the ﬂow ﬁeld is virtually unaﬀected by the polymer stress, with
N1* exhibiting a Newtonian-like behaviour. For the case of Fig. 12e at
Re = 30.12, Dean vortices are observed as expected, with the behaviour
of the UCM ﬂuid being again similar to the Newtonian case for Re = 39.
The restrictions of the model discussed in Section 2 and the resulting
low elasticity levels considered, lead to the conclusion that the ﬂow
ﬁeld cannot be aﬀected dramatically by the polymer, except from the
already shown decrease of Re*c and the growth of ψ, being dominated by
inertia forces. Equivalent observations can be made and when the ﬂow
20
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Fig. 12. Dimensionless ﬁrst normal-stress diﬀerence, N1* = N1/(ηU / w ), contour-plots with superimposed streamlines along the ﬂow centreplanes for (a-c) the Newtonian ﬂuid, (d-f) the
UCM at El = 0.00083 and (g-i) the FENE–MCR model at El = 0.0042 with β = 0.90 and L2 = 5000 . The inset ﬁgures of parts (c), (f), (h) and (i) correspond to the same 3D contour-plots from
a diﬀerent viewing angle. Figures (a-e) demonstrate the 3D isocontour at N1* = 10, (f) at N1* = 10 and N1* = 15, (g) at N1* = 20, (h) at N1* = 320 and N1* = 100 and (i) at N1* = 500 and
N1* = 250 .

together with the incoming streams from the inlets, are additionally
stretching the ﬂuid elements along this path generating this interesting
behaviour of N1*. Moreover, additional stagnation points are created at
the “core” of each Dean vortex, due to the incoming inlet streams and
the outgoing ﬂuid from the core of the cross-slot. Similar observations
can be made when the ﬂow is destabilised as shown in Fig. 14c. Considering the convection term of the upper-convected derivative
(u · ∇τp), we can state that, since for an appropriate Wieﬀ and Re the
velocity component along the z-direction is no longer negligible in the
vicinity of the stagnation point, stresses from the stretching history of
the polymer are accumulated along the third direction. We believe this
eﬀect, together with the new stagnation points which contribute further
to the extension of ﬂuid elements, are responsible for the observed N1*

peaks. We are unable to observe this for the UCM, the FENE–MCR with
β = 0 and the Oldroyd-B models, because the polymers are stretched at
low elasticity values and their relaxation times are small enough,
managing to relax and not to accumulate stresses. Thus, for the UCM
and the Oldroyd-B models this is a direct consequence of being restricted to low Wi values for these models.
The non-monotonic behaviour of N1* is most likely occurring for the
same reasons as was explained by Xi and Graham [64]. For faster incoming convective ﬂows, more unstretched polymer molecules approach the stagnation point, which then have less time to become fullystretched resulting in smaller values for N1*. Obviously, due to the
hysteretic behaviour, this response is observed in diﬀerent ranges for
decreasing and for increasing ramps for both FENE–MCR ﬂuids.
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Fig. 13. Behaviour of the dimensionless ﬁrst normal-stress diﬀerences, N1* = N1/(ηU / w ), at the interrogation area for the FENE–MCR ﬂuid with L2 = 5000 for (a) β = 0.90 and (b)
β = 0.95 . Open symbols correspond to the values obtained at the centrepoint when the ﬂow is steady-symmetric and closed symbols to the equivalent value when the ﬂow is steadyasymmetric. The crossed-symbols depict the values obtained at the oﬀ-centrepoint locations. The dashed and dotted lines are a guide to the eye, with the former pointing approximately the
locations where the oﬀ-centre peaks start to form, while the latter indicate the locations where the state transitions occur for either increasing or decreasing Re ramps.

In order to further support these observations we examine the ﬂowtype parameter ξ deﬁned in Eq. (5) and introduced in Section 2. Fig. 15
demonstrates how the ﬂow is classiﬁed for a Newtonian ﬂuid and the
FENE–MCR ﬂuid with β = 0.90 at El = 0.0042 . Starting from the low Re
cases, in Fig. 15a for the Newtonian ﬂuid and in Fig. 15d for the FENE–MCR model, it can be seen that both ﬂuids illustrate a similar ﬂowtype distribution. The ﬂow at the inlets and the outlets is shear dominated, while the central part of geometry is essentially extensionallydominated around the central stagnation point. When the ﬂow is at
higher Re values and the Dean vortices are formed, extension is increased at the top and bottom walls, precisely between each of the two
counter-rotating Dean vortices as shown in Fig. 15b and 15e due to the
two additional stagnation points. Further, for the FENE–MCR ﬂuid, this
stretching is also inﬂuenced by the streams meeting at the cores of the
Dean vortices. Finally, when the ﬂow is steady-asymmetric, the contours of the ﬂow-type parameter in Fig. 15c indicate that there is a
combination of rotation and shear around the vortex core. On the
contrary, for the FENE–MCR model shown in Fig. 15f rotation is very
small and the ﬂow is mostly dominated by shear in the core.

employed, namely the UCM, the Oldroyd-B and the FENE–MCR models.
The use of the ﬁrst two models was shown to be extremely limited, due
to their inherent drawback of predicting inﬁnite extensional viscosity
above a critical Weissenberg number (Wiɛ̇ = 0.5) in steady-state extensional ﬂows, as is the case investigated here at the free stagnation
point. Our results demonstrate that the interplay between inertia and
elastic forces result in a very rich ﬂow where various behaviours and
mechanisms can be observed.
Two diﬀerent strategies were employed, one considering constant
elasticity number ﬂows and one where Wi is kept constant while Re is
allowed to vary. All viscoelastic models in both strategies demonstrated
a common behaviour, altering the critical conditions for the onset of the
ﬂow asymmetry. For all data sets, the critical Reynolds numbers (Re*c )
were decreased compared to the case of a Newtonian ﬂuid, both for
increasing or decreasing ramps in Reynolds numbers. Additionally, the
solutions provided by the viscoelastic models demonstrated a hysteretic
behaviour between the increasing and decreasing ramps on the critical
conditions of the ﬂow transition, similar to the behaviour of the
Newtonian ﬂuid. Moreover it was shown that in the limit of
(Re*c , N −Re*c )/Re*c , N ≪ 1, our deﬁnition of Wieﬀ manages to demonstrate
a similar response for all ﬂuids. On the contrary, for moderate elasticity
values, the FENE–MCR model predicted solutions for the centerpoint
vorticity at smaller values compared to the Newtonian case, similar to
the experimental ﬁndings of Burshtein et al. [45], while in addition to
this, Wieﬀ clearly demonstrates a dependency on the β parameter (i.e.
solvent-to-total viscosity ratio). These observations were further

5. Conclusions
An extensive numerical study on the eﬀects of viscoelasticity upon
the critical conditions and the characteristics of the inertial instability
that is generated in a three-dimensional cross-slot with a square crosssection (AR = 1) was undertaken. Three viscoelastic models were

Fig. 14. Non-dimensional velocity magnitude |u|/U contours with superimposed streamlines for the FENE–MCR ﬂuid with L2 = 5000 for β = 0.90 at El = 0.0042 .
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Fig. 15. Flow-type parameter contours with superimposed streamlines for (a-c) the Newtonian ﬂuid and (d-f) the FENE–MCR model with L2 = 5000 for β = 0.90 at El = 0.0042 . (a,b,d,e)
demonstrate the 3D isocontour at ξ = 0.7, (c,f) at ξ = −0.5.

microﬂuidic cross-slot geometry at lower Re could be investigated using
low concentration polymer solutions. Additionally, research areas that
focus on cell/sample deformations should be aware of the rich dynamics existing in these types of ﬂows, such as the stress non-uniformity and the high tensile-stresses that develop far from the geometric centerpoint of the domain for Re < Re*c .

supported since it was found that the characteristics of the inertial instability are aﬀected by the choice of β and L2. In fact by modifying β
one is actually changing the concentration of the polymer solution,
while by changing the L2 parameter one can alter the characteristics by
just using a more extensible molecule. Moreover the investigation upon
the inﬂuence of L2, demonstrates that the normal stresses and thus N1,
are responsible for the ﬂow destabilisation at lower Re*c .
The ﬂow ﬁeld at the moderate elasticity values is further modiﬁed by
the interesting behaviour of the ﬁrst normal-stress diﬀerence. Regions of
high tensile-stresses were seen to be formed at oﬀ-centre locations away
from the stagnation point. This eﬀect is explained via the accumulation of
stresses in additional directions and the existence of new stagnation points
that are generated due to the highly 3D eﬀects for increasing Re (i.e. Dean
vortices) which results in new stretching regions. This corresponds to a
diﬀerent response from the already known birefringent strand that is formed
around the stagnation point in a 2D ﬂow. We believe that this is likely the
cause of the ﬂow destabilization at lower Reynolds numbers with lower
centerpoint vorticity values compared to the Newtonian case. In contrast to
this response, for the lower elasticity cases the behaviour of N1* was seen to
be similar to the Newtonian case, with the centerpoint vorticity on the other
hand obtaining higher values for the viscoelastic ﬂuids.
The current study has focused only on the case with AR = 1.
Although previous work has shown that AR can have a signiﬁcant eﬀect
on the value of Re*c and on the type of the transition (about a tricritical
point), we expect that the eﬀect of elasticity on the resulting vortex will
be qualitatively similar, regardless of AR. However, it would be of
potential interest in future work to investigate any possible modiﬁcations on the type of the instability produced by shallower or deeper
channels and also to examine how this parameter inﬂuences the behaviour of N1 and the formation of stagnation points.
Concluding, studies that are related to inertial microﬂuidics could
beneﬁt from these results. For example the eﬃciency of mixing in a
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