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Abstract
The nonlinear stress-strain relationship of a thin plate or stiffened panel under in-plane load is
represented by a load-shortening curve. The curves are used to evaluate the buckling and ultimate
collapse behaviour of these structural elements, and furthermore forming the input data to
analytical progressive collapse methods for large scale box girder structures such as ships. This paper
develops a novel analytical method that predicts the load-shortening curve of plates and stiffened
panels under cyclic in-plane load. This provides the framework to account for load reversals in an
enhanced cyclic progressive collapse method. A parametric study using nonlinear finite element
analysis is completed to investigate the characteristic behaviour of simply supported plates under
cyclic compression and tension. The investigation covers a range of aspect ratios and slenderness
ratios typical for ship-type structures. Single-cycle and ten-cycle loading protocols are applied, which
demonstrate progressive reduction in strength and stiffness together with a response convergence
after several cycles. An analytical method to predict multi-cycle load-shortening behaviour is then
derived using a response and updating rule based on the observed characteristics from the
parametric study. A validation of the analytical method is performed on a range of unstiffened plates
and stiffened panels under various cyclic loading protocols. A good comparison with the results of
finite element analysis is obtained, which confirms the validity of the proposed analytical method.
Keywords: Ultimate strength; Cyclic loading; buckling; collapse; Ship structures; Nonlinear finite
element analysis

1. Introduction
The structural design of a box girder structure, such as a ship’s hull, normally requires an assessment
of its ultimate bending capacity with the aid of various computational methods. This ultimate limit
state approach calculates the maximum capacity of the structure, usually under a monotonic load,
and compares it with a design value to evaluate the safety margin. However, multiple cycles of
bending with magnitudes close to the ultimate strength may cause the structural capacity to reduce
substantially below the nominal monotonic strength, since the reversal and accumulation of plastic
deformation as well as the local buckling may permanently degrade the structural resistance against
the subsequent loading. For instance, a ship sailing in rough sea may be subjected to multiple
extreme bending loads from a series of storm waves. Each load in isolation may have a magnitude
below the nominal capacity, but in combination may weaken the structure and potentially result in a
catastrophic failure. The accident of the container ship MOL Comfort might be an example of this
kind. The failure was likely a dynamic cyclic process where the collapse progressed over more than
one cycle of loading and was a factor on its eventual loss [1].
Therefore this research aims to better predict the structural behaviour of a box girder structure
under multiple cycles of bending. The framework for a cyclic progressive collapse method to predict
the bending response of a ship hull girder has been proposed in [2]. The method extends the
established simplified progressive collapse method through the re-formulation of structural
component load-shortening curves. The case study and validation in [2] have shown the feasibility of
the proposed method, and demonstrated that an enhanced model to predict the behaviour of
structural components under cyclic in-plane loading was needed.
In this regard, this paper develops an analytical model to predict the cyclic response of plates and
stiffened panels. To achieve this, a parametric finite element analysis is completed to investigate the
response characteristics of unstiffened plates under a range of loading protocols. Based on the
observations in this parametric study, an analytical method is proposed to predict the load-

shortening curve of unstiffened plates under cyclic in-plane load. It utilises the monotonic loadshortening curve of the plate and applies a response rule and an updating rule. A validation is
performed to examine the accuracy of the proposed method. The validation of the method is
extended to stiffened panels.
2. Background
2.1 Plates and stiffened panels under monotonic compression and tension
The behaviour of thin plates and stiffened panels subjected to monotonic compression/tension is
commonly characterized by a load-shortening curve, which represents the average stress-average
strain relationship 𝜎𝜎 − 𝜀𝜀 (Figure 1). Under tension, the overall failure is triggered by gross yielding of

the panel. Therefore, in practice, the tensile load-shortening curve is normally approximated as a
bilinear material stress-strain curve. Under compression, the failure is triggered by elastoplastic

buckling. Possible buckling modes may include local plate buckling, beam-column buckling, stiffener
tripping, web local buckling and overall buckling.
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Figure 1. A schematic illustration of the load-shortening curve
The nonlinear finite element method (NLFEM) can be employed to predict the load-shortening curve
of structural components. However, the required modelling efforts and computational resources for
NLFEM are considerable. Therefore many analytical methods to predict the load-shortening curve of
plates and stiffened panels are derived. For an unstiffened plate, the most accessible is perhaps that

introduced by the International Association of Classification Societies (IACS) for the purpose of ship
hull girder ultimate strength assessment [3]. The formula describing the load-shortening curve for
the buckling of an unstiffened plate is expressed in Equation (1), which is based on Frankland’s
empirical formula [4] derived from experimental data with an effective width concept. A similar
empirical formula was also introduced by Faulkner [5]. The influence of the aspect ratio is corrected
for the specific case of a short plate.
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Alternatively, an analytical method combining elastic large deflection analysis (ELDA) and rigidplastic mechanism analysis (RPMA) was proposed by Yao and Nikolov [6][7]. A further generalization
of this method was later introduced by Paik [8] and Cui [9]. In principle, the ultimate strength of the
plate is determined by the intersection of the elastic and plastic solutions, as shown in Figure 2. By
considering the overall shrinkage of the plate with large deflection, the load-shortening curve can be
derived where the elastic analysis solution describes the pre-ultimate behaviour and the plastic
analysis solution describes the post-ultimate behaviour.

Figure 2. Principle of Yao and Nikolov’s analytical method

A comparison of these methods is given in Figure 3 where the ultimate strengths of unstiffened
plates with various aspect ratios and slenderness ratios show a reasonable agreement. However,
when it comes to the comparison of load-shortening curves, there exists a fairly large discrepancy in
the post-ultimate regime.

(a) Yao’s method versus FEM

(b) Yao’s method versus IACS method

(c) Unstiffened plate ultimate strength
(d) Load-shortening curve
Figure 3. Comparison between various computational methods
2.2 Plates and stiffened panels under cyclic compression and tension
Yao and Nikolov [10] performed a series of elastoplastic large deflection analyses using finite
element method on an unstiffened short plate (800mm×1000mm) subjected to cyclic in-plane load.
The responses under single-cycle and multi-cycle loadings were investigated. It was found that the
load-shortening curve tends to converge to a certain loop, but a complete convergence was not
observed. An example result reproduced from the original paper is given in Figure 4, which shows
the variation of maximum compressive strength of plates with different thicknesses during the cyclic
loading. Extended from the work of Yao and Nikolov [6][7], an analytical method was proposed by
Yao et al. [11][12]. However, the proposed method was only validated on a short plate under a
single-cycle loading protocol. Fukumoto and Kusama [13] described the theoretical behaviour of a
simply supported square plate under alternating uniaxial forces with the aid of an elastic and
perfectly plastic large deflection-small strain analysis. It was suggested that the unloading curve was
almost parallel to the elastic portion of the initial curve and the peak stress of the reloading curve
was close to the stress of the starting point of unloading. Goto [14] investigated the localization of
plastic buckling pattern on a simply supported plate under cyclic loading. The study revealed that the
strength deterioration due to the deflection localization under cyclic loading was more evident on
plates with larger 𝑏𝑏⁄𝑡𝑡 and 𝑎𝑎⁄𝑏𝑏 ratio. Further, it was indicated that the plate with a bilinear

constitutive model exhibited a larger strength deterioration rate than that with a two-surface cyclic
plasticity model. This was probably caused by the abrupt change of material stiffness in the bilinear
model, which led to a localized unstable behaviour of the structural system.

Figure 4. Variation of the maximum compressive strength during cyclic load of a short plate [10]
2.3 Material plasticity model
A simple elastic-perfectly plastic material is commonly assumed in the investigation associated with
structural ultimate strength under monotonic loading. When it comes to cyclic loading, it might be
critical to consider the influence of cyclic plasticity including cyclic hardening and Bauschinger effect.
Cyclic hardening is a phenomenon where the peak stress will be increased in magnitude when the
metal is cycled between equal positive and negative strain limits. Bauschinger effect is associated
with the condition where the yield stress of the metal will be decreased if the direction of strain is
reversed. To simulate the cyclic structural response, a combined Chaboche hardening material
model can be adopted [15], which consists of an isotropic component and a kinematic component.
The former can model the cyclic hardening phenomenon and the latter can simulate the Bauschinger
effect. In the formulation of this material model, the yield surface is defined by Equation (2).
𝐹𝐹 = 𝑓𝑓(𝜎𝜎 − 𝛼𝛼) − 𝜎𝜎 0 = 0

where
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𝜎𝜎 0 : Yield surface size
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𝑆𝑆: Deviatoric stress tensor

𝛼𝛼 𝑑𝑑𝑑𝑑𝑑𝑑 : Deviatoric part of the backstress tensor

The kinematic hardening component is defined as a summative combination of a purely kinematic
term and a relaxation term, which introduces nonlinearity (Equation 3). In addition, several
kinematic hardening components can be superposed to obtain the overall backstress (Equation 4).
Chaboche recommended to use three components[15]. The isotropic hardening rule defines the
evolution of the yield surface size as a function of the equivalent plastic strain 𝜀𝜀̅𝑝𝑝𝑝𝑝 , which can be
expressed by an exponential law as shown in Equation (5). Experimental tests are required to

calibrate the material constants in the Chaboche model. Table 1 gives an example of the calibrated
material parameters reported by Krolo et al. [16].
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where

𝐶𝐶𝑘𝑘 : Initial kinematic hardening modulus

𝛾𝛾𝑘𝑘 : The rate at which the kinematic hardening modulus decreases with increasing plastic deformation
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where

𝜎𝜎|0 : Initial yield stress at zero plastic strain

𝑄𝑄∞ : Maximum change in the size of the yield surface

𝐵𝐵: The rate at which the size of the yield surface changes as the plastic strain develops

(5)

Table 1. Parameters of the cyclic plasticity material model [16]
E (MPa)
𝜈𝜈
Elastic behaviour
207000
0.3

Plastic behaviour

𝐶𝐶1 (MPa)
13921

Kinematic hardening
𝐶𝐶2 (MPa)
𝛾𝛾2
4240
52

𝛾𝛾1
765

Isotropic hardening

𝑄𝑄∞ (MPa)
25.6

𝜎𝜎𝑦𝑦 (MPa)
285

𝐶𝐶3 (MPa)
1573

𝛾𝛾3
14

B
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3. Parametric study
3.1 Finite element modelling
The finite element analysis is performed using the general purpose finite element code ABAQUS. The
modelling techniques are consistent with the common practices described by Benson et al. [17]. All
tested plates are modelled with S4R element type. Fabrication-induced initial deflection is applied
on the finite element model using a direct node translation technique. The deflected shape and
magnitude are expressed by Equations (6) to (9) as a function of the plate dimensions. No residual
stress is considered in the present study. A 50mm×50mm element size is adopted following a mesh
convergence study. A typical meshed model is shown in Figure 5, in which the boundary conditions
and loading application are also illustrated. A reference point is created, at which the displacement
control loading is applied such that the loaded edge is kept straight. On the contrary, the opposite
end is constrained in the longitudinal loading direction. The unloaded edges are constrained in the
transverse direction.
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Figure 5. Example meshed model with boundary conditions and initial imperfections (amplified for
illustration)
3.2 Test matrix
In terms of the geometric parameters, four different aspect ratios (𝛼𝛼=1,2,3,4) and three different

plate slenderness ratios (𝛽𝛽=1.5,2.0,2.5) are analysed. The tested plate has a constant width of

1000mm. The material yield stress is 285MPa and Young’s modulus is 207000MPa. Various aspect
ratios and slenderness ratios are achieved by changing the plate length or the thickness accordingly
(a=1000,2000,3000,4000mm and t=15,18,25mm).

The parametric study is first completed for single-cycle loading and then extended to ten-cycle
loading. Despite of being termed ‘single-cycle’ for brevity, the loading protocol in the first part of the
parametric study actually includes 1+1/4 cycle. This is to meet an objective of the present study that
investigating the influence of a combined hardening material model compared with the simple
elastic-perfectly plastic model.
It was found that, if the simple material model is utilised, the dynamic implicit solver in ABAQUS fails
to predict the post-ultimate tensile response whereas the dynamic explicit solver may encounter
numerical instability during the second cycle of loading. Therefore, the explicit solver is adopted to

predict the response under single-cycle loading where the influence of two different material models
are examined. The implicit solver is adopted for the prediction of multi-cycle response where only
the combined hardening material model is incorporated.
For each plate, the applied loading protocols are summarised in Table 2. The loading protocols are
given in terms of the applied strain range. Loading protocols 1 to 11 and 14 to 24 are constant
amplitude loadings, while protocols 12 and 13 are varied amplitude loadings. The remark column
indicates the initial loading direction of each loading protocol where ‘C’ represents the compression
and ‘T’ represents the tension. For loading protocols 1 to 11, the initial load direction is in either
compression or tension. For the remaining loading protocols, the initial load is only in the
compressive direction.

(a)

Figure 6. The effect of simulated time

(b)

Since the analyses use a dynamic solver a simulation time must be defined. Throughout this study,
the simulation time is defined consistently with two major considerations. Firstly, the inertia effect
should be eliminated so that the predicted result can be taken as equivalent to a static solution.
Secondly, the computational effort should be minimised since a larger simulation time will
significantly increase the overall computational time when multi-cycle simulation is required. Figure
6 compares the monotonic load-shortening curves estimated by the static-implicit Riks solver and

the dynamic implicit solver with various simulation times. It shows that different choices on the
simulation time do not lead to a significant difference on the pre-ultimate response. Minor
fluctuations can be seen in the case where a simulated time of 8s is used, whereas the remaining
cases generally show a smooth and similar response path. Therefore, it was decided to use the
simulated time of 80 seconds for a complete loading cycle in the present study as shown in Figure 7.
In summary, the test matrix consists of 552 cases in total.

Figure 7. Illustration of the applied loading protocol

Table2. Loading protocols

Single-cycle
(Constant amplitude)

Single-cycle
(Varied amplitude)

Multi-cycle
(Ten cycles)
(Constant amplitude)

ID
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24

3.3 Single-cycle response

Applied strain range
−1.0𝜀𝜀𝑦𝑦 < 𝜀𝜀 < 1.0𝜀𝜀𝑦𝑦
−1.1𝜀𝜀𝑦𝑦 < 𝜀𝜀 < 1.1𝜀𝜀𝑦𝑦
−1.2𝜀𝜀𝑦𝑦 < 𝜀𝜀 < 1.2𝜀𝜀𝑦𝑦
−1.3𝜀𝜀𝑦𝑦 < 𝜀𝜀 < 1.3𝜀𝜀𝑦𝑦
−1.4𝜀𝜀𝑦𝑦 < 𝜀𝜀 < 1.4𝜀𝜀𝑦𝑦
−1.5𝜀𝜀𝑦𝑦 < 𝜀𝜀 < 1.5𝜀𝜀𝑦𝑦
−1.6𝜀𝜀𝑦𝑦 < 𝜀𝜀 < 1.6𝜀𝜀𝑦𝑦
−1.7𝜀𝜀𝑦𝑦 < 𝜀𝜀 < 1.7𝜀𝜀𝑦𝑦
−1.8𝜀𝜀𝑦𝑦 < 𝜀𝜀 < 1.8𝜀𝜀𝑦𝑦
−1.9𝜀𝜀𝑦𝑦 < 𝜀𝜀 < 1.9𝜀𝜀𝑦𝑦
−2.0𝜀𝜀𝑦𝑦 < 𝜀𝜀 < 2.0𝜀𝜀𝑦𝑦
−1.0𝜀𝜀𝑦𝑦 < 𝜀𝜀 < 1.5𝜀𝜀𝑦𝑦
−1.0𝜀𝜀𝑦𝑦 < 𝜀𝜀 < 2.0𝜀𝜀𝑦𝑦
−1.0𝜀𝜀𝑦𝑦 < 𝜀𝜀 < 1.0𝜀𝜀𝑦𝑦
−1.1𝜀𝜀𝑦𝑦 < 𝜀𝜀 < 1.1𝜀𝜀𝑦𝑦
−1.2𝜀𝜀𝑦𝑦 < 𝜀𝜀 < 1.2𝜀𝜀𝑦𝑦
−1.3𝜀𝜀𝑦𝑦 < 𝜀𝜀 < 1.3𝜀𝜀𝑦𝑦
−1.4𝜀𝜀𝑦𝑦 < 𝜀𝜀 < 1.4𝜀𝜀𝑦𝑦
−1.5𝜀𝜀𝑦𝑦 < 𝜀𝜀 < 1.5𝜀𝜀𝑦𝑦
−1.6𝜀𝜀𝑦𝑦 < 𝜀𝜀 < 1.6𝜀𝜀𝑦𝑦
−1.7𝜀𝜀𝑦𝑦 < 𝜀𝜀 < 1.7𝜀𝜀𝑦𝑦
−1.8𝜀𝜀𝑦𝑦 < 𝜀𝜀 < 1.8𝜀𝜀𝑦𝑦
−1.9𝜀𝜀𝑦𝑦 < 𝜀𝜀 < 1.9𝜀𝜀𝑦𝑦
−2.0𝜀𝜀𝑦𝑦 < 𝜀𝜀 < 2.0𝜀𝜀𝑦𝑦

Remark
(C & T)
(C & T)
(C & T)
(C & T)
(C & T)
(C & T)
(C & T)
(C & T)
(C & T)
(C & T)
(C & T)
(C only)
(C only)
(C only)
(C only)
(C only)
(C only)
(C only)
(C only)
(C only)
(C only)
(C only)
(C only)
(C only)

3.3.1 General load-shortening behaviour

(a)

(b)

(c)
(d)
Figure 8. Load-shortening curves of unstiffened plates (Single cycle, compression applied initially, 𝛽𝛽 =
2.5)

(a)

(b)

(c)

(d)

Figure 9. Load-shortening curves of unstiffened plates (Single cycle, compression applied initially, 𝛽𝛽 =
2.0)

(a)

(b)

(c)
(d)
Figure 10. Load-shortening curves of unstiffened plates (Single cycle, compression applied initially,
𝛽𝛽 = 1.5)

Figures 8 to 11 show example single-cycle load-shortening curves under constant amplitude loading

protocol with the initial load direction in compression (Figures 8 to 10) and tension (Figure 11). Only
loading protocols 7 and 11 are shown here, which are consistent with the results observed for all
cases tested in the study. Figure 12 shows the single-cycle load-shortening curves under the varied
amplitude loading protocols 12 and 13.

It can be seen from all the load shortening plots that the reloading from compression to tension
results in a highly nonlinear response with a stiffness much lower than the Young’s modulus, in
contrast to the simple bilinear material stress-strain behaviour that is commonly assumed in
monotonic loading. For long plates, this nonlinearity becomes more significant. If no tension has
been previously applied, it appears that the failure point in tension is close to the failure point under
a monotonic tensile loading (𝜀𝜀𝑢𝑢 ⁄𝜀𝜀𝑦𝑦 = −1), as indicated by the red line showing the monotonic
tensile curve in Figures 8 to 10. However, if a tensile unloading has taken place previously, the

tensile response path tends to approach the tensile unloading point, as shown in Figure 11. At the
previous tensile unloading strain, a smaller resultant stress (in magnitude) is obtained.
However, unlike the tensile response, the compressive failure point will be shifted in accordance
with the change of the permanent deformation point (zero resultant stress). Therefore, the general
shape of the compressive curve remains similar.

(a)

(b)

(c)
(d)
Figure 11. Load-shortening curves of unstiffened plates (Single cycle, tension applied initially)
In terms of the unloading response, the tensile unloading is almost linear and its stiffness
approximately equals to the material Young’s modulus, being independent to the unloading strain.
As for the compressive unloading, it seems to behave slightly nonlinear with a reduced stiffness
compared to the average initial compressive stiffness.

(a)

(b)

(c)
(d)
Figure 12. Load-shortening curves of unstiffened plates (Varied amplitude loading protocol)
3.3.2 The effect of material plasticity model
Figure 13 shows a comparison of the load-shortening curve with two different material plasticity
models, namely the elastic-perfectly plastic model and the combined hardening model (Chaboche
model) introduced in section 2.3. The material properties used for the combined hardening model
are listed in Table 1.

(a)

(b)

(c)
(d)
Figure 13. The effect of material plasticity model

It is evident that the choice of material model leads to a significant difference on the post-ultimate
behaviour. Since the hardening effect is accounted for in the Chaboche model, the loss of the loadcarrying capacity in the compressive post-ultimate regime is less than that predicted by the simple
elastic-perfectly plastic model. The initial maximum compressive strength is not affected, whereas
the maximum tensile strength is slightly higher. For long plates with a relatively steep initial postultimate stiffness (Figure 13 (c) & (d)), the post-ultimate behaviour will become more stable during
compressive reloading when the combined hardening model is employed. On the contrary, the postultimate behaviour in compressive reloading still exhibits a steep capacity loss when the elasticperfectly plastic material model is employed. When the combined hardening model is employed, the
maximum compressive reloading strength is close to the stress at which the compressive unloading
is started.
3.3.3 Maximum compressive reloading strength
Figure 14 shows the maximum compressive strength after single-cycle loading with constant and
varied amplitude loading protocols. The black markers indicate the results obtained under constant
amplitude and the red markers correspond to the varied amplitude. The ultimate compressive
strength under monotonic loading is also plotted as a dashed line for comparison. It shows that

there is a reduction of the maximum compressive reloading strength when the plate is initially
loaded in compression. However, when tension is the initial load, the maximum compressive
strength will be increased. It is clear that the compressive strength reduction caused by the varied
amplitude loading is larger than that caused by the constant amplitude loading.
Figure 15 illustrates the correlation between the unloading stress and maximum compressive
reloading strength. In addition to the constant and varied amplitude loading protocols with perfectly
plastic material model, the results obtained using the Chaboche hardening model under constant
amplitude are also illustrated (green marker). A statistical comparison is summarised in Table 3.
When the perfectly plastic model is adopted, the reloading strength under constant amplitude
loading is higher than the stress of the unloading starting point with a mean bias of 1.18 and a
coefficient of variation (COV) of 0.14. Conversely, a higher correlation is obtained when the varied
amplitude loading is applied (Mean bias = 1.11 and COV = 0.09). Further, as reviewed in section 2.2,
Fukumoto and Kusama (1985) suggested that the compressive reloading strength is close to the
stress at the starting point of unloading. However, in their study, the tensile loading was terminated
before the failure point (𝜀𝜀/𝜀𝜀𝑦𝑦 = −1). When the material hardening model is used, highly correlated
results are obtained. The unloading stress and the maximum reloading compressive strength are
nearly the same with a mean bias of 1.00 and COV of 0.02.

(a)

(b)

(c)

(d)

(e)

(f)

(g)
(h)
Figure 14. Maximum compressive reloading strength under single-cycle loading

(a)

(b)

(c)
(d)
Figure 15. Correlation between the unloading stress and maximum compressive reloading strength
(Black marker: perfectly plastic and constant amplitude; Red marker: perfectly plastic and varied
amplitude; Green marker: hardening and constant amplitude)
Table 3. Statistical correlation between the unloading stress and maximum compressive reloading
strength
Material Model
Perfectly plastic
Perfectly plastic
Hardening

Loading Protocol
Constant amplitude
Varied amplitude
Constant amplitude

Mean Bias
1.18
1.11
1.00

COV
0.14
0.09
0.02

3.4 Multi-cycle response
Figures 16 and 17 shows the typical multi-cycle load-shortening curves of two different loading
protocols. The monotonic curves predicted by IACS method and Yao’s method introduced in section
2.1 are included for comparison in Figure 16.
The compressive response convergence phenomenon is evident, which is consistent with [10]. As
illustrated in Figure 18, the maximum compressive strength tends to converge to a constant value
after three cycles of loading, although there is no complete convergence within the applied loading
cycles. Conversely, at the same applied strain, the tensile strength continues to decrease during the
cyclic loading, indicating a progressive reduction of the tensile stiffness. The decreasing rate of
tensile strength is illustrated in Figure 19. Both loading protocols show a linear decrease of the
tensile strength, in which a larger applied strain results in a larger decreasing rate. Once the
response has converged, the value of the compressive strength appears to depend on the applied
strain range. With a larger applied strain range, this value converges to a smaller compressive
strength. Typical out-of-plane deflection contour plots are shown in Figures 20 to 22. These show
that in the post-ultimate regime, the out-of-plane deflection nucleates at the end of the plate. The
variation of deflection nucleation is generally in alignment with the change of compressive strength.
As shown in Figure 23, after three cycles of loading, the out-of-plane deflection stabilizes with a
similar magnitude at the end of compression loading (start of unloading). Figure 24 shows the
variation of the average post-ultimate stiffness for the first three cycles where 𝐷𝐷 indicates the post-

ultimate stiffness and 𝐷𝐷0 indicates the Young’s modulus. It is evident that the post-ultimate stiffness

(the absolute value) reduces during the cyclic loading and approaches to zero. In association with the
previous discussion that the maximum compressive reloading strength is close to the unloading

stress, this implies that the variation of the post-ultimate stiffness leads to response convergence to
a constant compressive strength, as the unloading stress will be similar to maximum strength when
the post-ultimate stiffness is close to zero.

(a)

(b)

(c)
(d)
Figure 16. Load-shortening curves of unstiffened plates (Ten cycle, ID = 24)

(a)

(b)

(c)
(d)
Figure 17. Load-shortening curves of unstiffened plates (Ten cycle, ID = 17)

Figure 18. Variation of the maximum compressive strength

Figure 19. Variation of the tensile strength at starting point of unloading

Compressive ultimate collapse state
(1st cycle)

End of compression
(1st cycle)

Figure 20. Contour plot of the out-of-plane deflection (1st cycle, 𝛼𝛼 = 3, 𝛽𝛽 = 2.0, ID = 24)
Compressive ultimate collapse state
(2nd cycle)

End of compression
(2nd cycle)

Figure 21. Contour plot of the out-of-plane deflection (2nd cycle, 𝛼𝛼 = 3, 𝛽𝛽 = 2.0, ID = 24)
Compressive ultimate collapse state
(3rd cycle)

End of compression
(3rd cycle)

Figure 22. Contour plot of the out-of-plane deflection (3rd cycle, 𝛼𝛼 = 3, 𝛽𝛽 = 2.0, ID = 24)

Figure 23. Variation of the out-of-plane deflection (𝛼𝛼 = 3, 𝛽𝛽 = 2.0, ID = 24)

Figure 24. Variation of the compressive post-ultimate stiffness

4. Analytical method to predict the load-shortening curve under cyclic loading
4.1 Principle
Through the parametric NLFEA study, some insights of the load-shortening behaviour of unstiffened
plates under cyclic compression and tension are obtained. The typical characteristics are
summarised as follows:
•

The tensile response exhibits a considerably lower stiffness compared with the Young’s
modulus when reloading from compression to tension.

•

The strain value of the tensile ultimate point is dependent upon the previous unloading in
tension. If there is no unloading previously taken place in tension, the strain value remains
the same as that under monotonic tensile loading. If there is any unloading previously taken
place in tension, the strain value becomes close to the tensile unloading point.

•

The general shape of the compressive load-shortening curve remains the similar, as the
compressive ultimate point will be shifted in accordance with the change of the permanent
deformation point;

•

Under multi-cycle loading, a nearly constant ultimate compressive strength is observed,
which starts after three loading cycles. Conversely, the maximum tensile strength under the
same given strain decreases at each cycle, which leads to the progressive reduction of
tensile stiffness.

Based on these observed response patterns, an efficient analytical method is derived to predict the
cyclic load-shortening curve of unstiffened plates through a response rule and an updating rule. A
flowchart of the proposed analytical method is given in Figure 25. Given a strain increment, the
response rule will be called for predicting the stress increment. When the direction of the strain
increment is reversed, the updating rule will be activated to update the relevant data processed in
the response rule. The same set of data will be utilised in the response rule for the following
prediction until the next reversal of the strain increment.

Figure 25. Flowchart of the analytical method to predict the cyclic load-shortening curve
4.2 Response rule
Several critical points are introduced in the response rule:
•

Permanent deformation point, at which the resultant stress is zero;

•

Compressive and tensile unloading point, at which the unloading is started;

•

Compressive and tensile ultimate point;

Compression:
1. The initial compressive response is predicted by any established method for monotonic
loading, such as those introduced in section 2.1 among others;
2. The updated compressive response is idealized as a piece-wise linear behaviour.
•

The pre-ultimate regime follows the path ‘permanent deformation point →
compressive ultimate point’;

•

The post-ultimate regime follows a constant stiffness determined in the previous
update activated by a compressive unloading.

Tension:
1. The tensile response is always assumed as piece-wise linear;
2. If no unloading has previously taken place in tension, the pre-ultimate response follows the
path ‘permanent deformation point → tensile ultimate point’;
3. If any unloading has previously taken place in tension, the pre-ultimate response follows the
path ‘permanent deformation point → tensile unloading point → tensile ultimate point’;
4. The tensile ultimate stress and strain are initialized as the material yield stress and yield
strain respectively;
5. In the post-ultimate regime, the tensile stiffness is taken as zero.
4.3 Updating rule
Once the applied strain is reversed, the last applied strain and resultant stress will be recorded as
the unloading strain and stress respectively. The following rules describes the update of relevant
data used in the response rule.
1. The stiffness of compressive unloading is estimated as 𝑘𝑘 = (𝜎𝜎𝑢𝑢 ⁄𝜎𝜎𝑦𝑦 ) ∙ 𝐸𝐸 where 𝜎𝜎𝑢𝑢 is the

initial ultimate compressive strength, 𝜎𝜎𝑦𝑦 is the material yield stress and 𝐸𝐸 is the material

Young’s modulus;

2. The tensile unloading stiffness is taken as the material Young’s modulus;
3. Update the permanent deformation point based on corresponding unloading stiffness;
4. For the unloading in compression, it is assumed that the permanent deformation point
remains the same if the unloading strain does not exceed the ultimate strain;
5. If there is no change on the updated permanent point, the update is terminated and all of
the data remain the same;
6. If unloading takes place in compression, the post-ultimate stiffness of compression will be
updated as 𝜑𝜑1 (𝜎𝜎𝑢𝑢 − 𝜎𝜎𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢 )⁄(𝜀𝜀𝑢𝑢 − 𝜀𝜀𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢 ) where 𝜑𝜑1 is the compressive post-ultimate

stiffness reduction factor;

7. If the unloading takes place beyond the ultimate point, the ultimate point is updated as the
unloading point;
8. If the unloading takes place at compression, the tensile ultimate strain should be updated in
accordance with the tensile strength reduction factor 𝜑𝜑2 ;

9. If the unloading takes place at tension, the critical points relevant to compression remain
the same except for the compressive ultimate strain, which should be updated considering
the change of the permanent deformation point.
4.4 Schematic illustration
The procedure of the response rule and updating rule described above is schematically illustrated in
Figures 26 and 27.
In Figure 26(a) where the unloading takes place in compression at Point e, the permanent
deformation point is calculated as Point g assuming that the compressive unloading stiffness is taken
as the slope between Point c and d, as stated by updating rule 1. Since the permanent deformation
point has changed, the relevant critical points should be updated and the compressive response will
be idealized as piece-wise linear according to the compressive response rule 2. The compressive
post-ultimate stiffness (slope e-f) is taken as a portion of the slope d-e, following the updating rule 6.

Since there is no tension being applied previously, the critical points relevant to tension do not
require an update and the tensile pre-ultimate response follows the path ‘permanent point →
tensile ultimate point’ (path g-b) as stated in the tensile response rule. Overall, the LSC is updated as
a-b-g-e-f.

(a)
(b)
Figure 26. Schematic illustration of the response rule and updating rule (Initial loading: compression)
In Figure 27(a) where the unloading takes place in tension at Point b, the permanent deformation
point is calculated as Point g assuming that the tensile unloading stiffness is taken as the Young’s
modulus of the material. The tensile ultimate point is updated as Point b and the tensile response
follows the path ‘permanent point → tensile unloading point → tensile ultimate point’ in accordance
with the tensile response rule 3. Since there is no compression unloading taken place previously, it
follows that the compressive load-shortening curve is derived by any established method. However,
it is modified to take into account of the change of the permanent deformation point. Hence, the
compressive LSC is shifted from d-e-f to g-h-i. Overall, the LSC is updated as a-b-g-h-i. Similar
procedure is executed in Figure 26(b) except that the compressive response is piece-wise linear.
In Figure 27(b) where the unloading takes place in compression at Point e, the updating procedure is
similar to that in Figure 26(a) except for the reduction of tensile unloading stress and the change of
the tensile ultimate strain according to the updating rule 8. Therefore the tensile unloading point is

moved from b to h and the tensile ultimate strain is updated assuming that the slope of a-h equals to
the slope of h-g. Overall, the LSC is updated as a-h-g-e-f.

(a)
(b)
Figure 27. Schematic illustration of the response rule and updating rule (Initial loading: tension)
5. Validation
To examine the accuracy of the proposed analytical method, a validation is performed on all
unstiffened plates tested in the parametric study. Following the parametric study, the validation is
divided into single-cycle and multi-cycle predictions, in which the definition of a single-cycle is
consistent to that in section 3.3. The post-ultimate stiffness reduction factor is specified as 0.3 and
the tensile strength reduction factor is specified as 0.98. Cyclic plasticity is considered in all of the
finite element analyses. In terms of the initial compressive response for the analytical method, the
finite element method predicted curve is utilised for the single-cycle validation, whereas both finite
element method and IACS method are utilised for the multi-cycle validation.
5.1 Single-cycle validation
Figure 28 to 30 compare the load-shortening curves obtained by NLFEM and the proposed analytical
method under loading protocol 4(C), 9(C) and 11(C). Since the initial compressive response in the
analytical method is estimated by finite element analysis, identical results are obtained for the initial

response path. Most of the validation results show a reasonable agreement in terms of the
unloading and reloading responses. As shown in Figure 28(a), there is an underestimation of the
compressive stiffness in the unloading and reloading responses under small cyclic loading range,
which is due to the large compressive ultimate strain of monotonic load-shortening curve. Although
the NLFEM predicted curve exhibits some nonlinearities in the unloading and reloading path
whereas the analytical curve is piece-wise linear, this should be sufficient for further incorporating
into the progressive collapse method to predict the bending response of a box girder since the most
critical maximum compressive strength prediction are well correlated. A comparison of the
maximum compressive reloading strength for all the single-cycle validations is given in Figure 31, in
which a high correlation is presented with a bias of 0.99 and a COV of 0.02. This implies the validity
of the assumption that the maximum compressive reloading strength is the same as the unloading
stress. Because of the material hardening, the tensile strength predicted by NLFEM is higher than the
analytical method. However, as a conventional practice, the material yield stress can be assumed as
the ultimate tensile strength and the hardening behaviour can be ignored.

(a)

(b)

(c)
(d)
Figure 28. Unstiffened plate single-cycle validation (a/b = 4, 𝛽𝛽 = 2.0, ID = 4C)

(a)

(b)

(c)
(d)
Figure 29. Unstiffened plate single-cycle validation (a/b = 4, 𝛽𝛽 = 2.0, ID = 9C)

(a)

(b)

(c)
(d)
Figure 30. Unstiffened plate single-cycle validation (a/b = 4, 𝛽𝛽 = 2.0, ID = 11C)

Figure 31. Comparison of the maximum compressive reloading strength under single-cycle loading

5.2 Multi-cycle validation
A selection of the multi-cycle load-shortening curves predicted by the analytical method are given in
Figure 32 & 33, in which the former shows the FEM-based prediction and the latter shows the IACSbased prediction. Comparison can also be made with Figure 16, which shows the multi-cycle FEA
predicted load-shortening curve under the same loading protocol.
The variations of maximum compressive and tensile strength are shown in Figure 34. The
compressive strength shows a relatively close agreement in both magnitude and variation trend,
which starts to converge after three cycles of loading. In terms of the variation of maximum tensile
strength, since the hardening effect is not considered in the analytical method, the initial maximum
tensile strength and consequently the followings are lower than that predicted by the finite element
analysis. However, a similar decreasing rate is shown in both cases.
Figure 35 compares the final compressive reloading strength after multi-cycle loading. Either based
on FEM or IACS approach, the analytical method gives a reasonably good correlation with a mean
bias of 1.03 and 0.99 respectively. The IACS-based prediction has a larger coefficient of variance
compared with the FEM-based prediction.

(a)

(b)

(c)
(d)
Figure 32. Multi-cycle load-shortening curve predicted by the analytical method (FEM-based)

(a)

(b)

(c)
Figure 33. Multi-cycle load-shortening curve predicted by the analytical method (IACS-based)

(a) Compressive strength (FEM-based)

(b) Compressive strength (IACS-based)

(c) Tensile strength
Figure 34. Variation of the maximum strength under multi-cycle loading (Unstiffened plate)

(a)
(b)
Figure 35. Comparison of the residual compressive strength under multi-cycle loading
6. Application on stiffened panel
To extend the application of the proposed analytical method, four stiffened panels are chosen for a
further validation. The properties of these stiffened panels are listed in Table 4. A summary of the
applied loading protocol is given in Table 5. In this section, the initial compressive response is
predicted by the finite element method. The finite element model with a characteristic mesh size of
25mm × 25mm is shown in Figure 36 with boundary conditions and loading application. Three types
of initial deflections are applied, namely local plate deflection 𝑤𝑤𝑝𝑝 , column-type deflection 𝑤𝑤𝑐𝑐 and
stiffener sideway deflection 𝑣𝑣𝑠𝑠 , which are defined by Equation (10) to Equation (17).
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Figure 36. Illustration of the stiffened panel model for finite element analysis
Table 4. Properties of the stiffened panels for validation (Unit: mm, MPa)
Beam section
𝑡𝑡𝑝𝑝
𝑏𝑏𝑝𝑝
ID
𝑎𝑎
ℎ𝑤𝑤 × 𝑏𝑏𝑓𝑓 × 𝑡𝑡𝑤𝑤 × 𝑡𝑡𝑓𝑓
A
1000
350
9
200×140×6.4×8.8 T
B
2000
350
9
200×140×6.4×8.8 T
C
2000
550
9
128×102×6.1×8.4 T
D
1000
450
9
128×102×6.1×8.4 T
Table 5. Loading protocols for validation
Case
Number of cycle
1
Single-cycle
2
Multi-cycle

𝜎𝜎𝑦𝑦𝑦𝑦

350
350
350
350

𝜎𝜎𝑦𝑦𝑦𝑦

350
350
350
350

Applied strain range
−1.5𝜀𝜀𝑦𝑦 < 𝜀𝜀 < 2.0𝜀𝜀𝑦𝑦
−1.0𝜀𝜀𝑦𝑦 < 𝜀𝜀 < 1.5𝜀𝜀𝑦𝑦

Figure 37 compares the single-cycle load shortening curves of the stiffened panel. A reasonable
agreement is presented in terms of the unloading and reloading paths of all four panels. However,
the reloading compressive strength of Panel C is notably underestimated by the analytical method.
The variations of compressive strength during the multi-cycle loading are shown in Figure 38 for the
four panels. Similar to the unstiffened plate, whilst a complete convergence is not observed within
the applied loading cycles, the compressive strength of the stiffened panel tends to converge to a
constant value after three loading cycles. The compressive strength of Panel B & D are well predicted
by the analytical method. However, the predicted converged strength of Panel A is overestimated
and the predicted converged strength of Panel C is underestimated. As shown in Figure 37, the
analytical method gives a well validated result under single-cycle. However, the NLFEM result of
Panel A illustrates that the compressive strength still exhibits an evident reduction even after three
loading cycles. This might lead to the overestimation using the analytical method for multi-cycle
prediction. Conversely, the NLFEM result of Panel C indicates that the compressive strength starts to
converge after two loading cycles. Also, the analytical method prediction already gives a lower
compressive reloading strength under single-cycle loading. The combination of these two factors
may result in the conservative estimation of Panel C.

(a)

(b)

(c)
(d)
Figure 37. Comparison of the stiffened panel single-cycle load-shortening curves

(a)

(b)

(c)

(d)
Figure 38. Variation of the maximum compressive strength of stiffened panel
7. Recommendation
The capability of the proposed analytical method to predict the load-shortening curve of structural
components is demonstrated through the validation. In general, a reasonable agreement can be
obtained in terms of the maximum compressive strength and its variation. Whist the tensile strength
is less correlated, its variation with respect to the loading cycle is well predicted. Therefore, it can be
concluded that the proposed response rule and updating rule are valid. In the meantime, the
validation also suggests that the results are highly sensitive to the input of the initial load-shortening
curve, which is also associated to the post-ultimate stiffness reduction factor and the tensile
strength reduction factor. The use of these two coefficients is intended to simulate the variation of
compressive post-collapse stiffness as well as the reduction of compressive and tensile strength
during loading cycle. However, these are empirically specified in the present study regardless of the

initial load-shortening curve and different unloading strain. Further research can be directed to
calibrate these coefficients, which could lead to an enhanced strength prediction under cyclic load.
Another further improvement could relate to the in-plane compressive stiffness prediction under
cyclic load. The proposed analytical method has addressed this issue for single-cycle loading but
multi-cycle loading. The in-plane compressive stiffness will be decreased at each loading cycle and
the analytical method only considers the reduction at the first compressive unloading. Further study
can be conducted to account for the reduction caused by multi-cycle loading.
8. Conclusion
This paper develops an analytical method formed of a response rule and updating rule to predict the
load-shortening curves of plates and stiffened panels under cyclic in-plane loading. It is derived
based on the observation from a parametric finite element analysis on a series of unstiffened plates
under a range of loading protocols. A validation on unstiffened plates and an extended application
on stiffened panels of the proposed analytical method are completed.
The results of nonlinear finite element analysis confirm that the load-shortening characteristics of
plates and stiffened panels under cyclic in-plane load are significantly different compared to that
under monotonic load. Response patterns are observed from the parametric finite element analysis,
which are consistent across all plates tested and comprise:
•

For reloading from compression to tension where the plate has been loaded exceeding the
compressive ultimate point, the tensile response exhibits a considerably lower stiffness
compared with the Young’s modulus;

•

The strain value of the tensile ultimate point depends on the previous unloading in tension.
If there is no unloading previously taken place in tension, the strain value remains the same
as that under monotonic loading. If there is any unloading previously taken place in tension,
the strain value is close to the strain value of tensile unloading point.

•

Unlike the tensile response, the general shape of the compressive load-shortening curve
remains the same, as the compressive ultimate point will be shifted in accordance with the
change of the permanent deformation point;

•

Under multi-cycle loading, convergence to a constant compressive ultimate strength value is
observed, which starts after three loading cycles. Conversely, the maximum tensile strength
under the same given strain decreases at each cycle, which leads to the reduction of tensile
stiffness.

The observed patterns are used to develop a set of response and updating rules. By incorporating
these rules with any established method for monotonic loading (IACS method, Yao’s method or FEM
result), an analytical method is formulated to predict the load-shortening curve of unstiffened plates
under cyclic load. Validation study has shown that the proposed method is capable of providing
reasonable prediction for unstiffened plates. The application of this method is extended for the use
on stiffened panels. A good agreement with finite element results is obtained. As shown by the
validation exercise and the extended application, the proposed analytical method is appropriate for
the implementation in a cyclic progressive collapse method to predict the cyclic bending behaviour
of a ship hull girder. The enhanced cyclic progressive collapse method could be further integrated
with a hydrodynamic load prediction method such as strip theory, which would develop a highly
efficient coupled hydro-structural method for predicting the nonlinear response of a ship subjected
to a series of extreme wave loads.
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Table 1. Parameters of the Chaboche cyclic plasticity material model [15]
E (MPa)
𝜈𝜈
Elastic behaviour
207000
0.3

Plastic behaviour

𝐶𝐶1 (MPa)
13921

Kinematic hardening
𝐶𝐶2 (MPa)
𝛾𝛾2
4240
52

𝛾𝛾1
765

Isotropic hardening

𝑄𝑄∞ (MPa)
25.6
Table2. Loading protocols

Single-cycle
(Constant amplitude)

Single-cycle
(Varied amplitude)

Multi-cycle
(Ten cycles)
(Constant amplitude)

ID
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24

𝜎𝜎𝑦𝑦 (MPa)
285

𝐶𝐶3 (MPa)
1573

𝛾𝛾3
14

b
4.4

Applied strain range
−1.0𝜀𝜀𝑦𝑦 < 𝜀𝜀 < 1.0𝜀𝜀𝑦𝑦
−1.1𝜀𝜀𝑦𝑦 < 𝜀𝜀 < 1.1𝜀𝜀𝑦𝑦
−1.2𝜀𝜀𝑦𝑦 < 𝜀𝜀 < 1.2𝜀𝜀𝑦𝑦
−1.3𝜀𝜀𝑦𝑦 < 𝜀𝜀 < 1.3𝜀𝜀𝑦𝑦
−1.4𝜀𝜀𝑦𝑦 < 𝜀𝜀 < 1.4𝜀𝜀𝑦𝑦
−1.5𝜀𝜀𝑦𝑦 < 𝜀𝜀 < 1.5𝜀𝜀𝑦𝑦
−1.6𝜀𝜀𝑦𝑦 < 𝜀𝜀 < 1.6𝜀𝜀𝑦𝑦
−1.7𝜀𝜀𝑦𝑦 < 𝜀𝜀 < 1.7𝜀𝜀𝑦𝑦
−1.8𝜀𝜀𝑦𝑦 < 𝜀𝜀 < 1.8𝜀𝜀𝑦𝑦
−1.9𝜀𝜀𝑦𝑦 < 𝜀𝜀 < 1.9𝜀𝜀𝑦𝑦
−2.0𝜀𝜀𝑦𝑦 < 𝜀𝜀 < 2.0𝜀𝜀𝑦𝑦
−1.0𝜀𝜀𝑦𝑦 < 𝜀𝜀 < 1.5𝜀𝜀𝑦𝑦
−1.0𝜀𝜀𝑦𝑦 < 𝜀𝜀 < 2.0𝜀𝜀𝑦𝑦
−1.0𝜀𝜀𝑦𝑦 < 𝜀𝜀 < 1.0𝜀𝜀𝑦𝑦
−1.1𝜀𝜀𝑦𝑦 < 𝜀𝜀 < 1.1𝜀𝜀𝑦𝑦
−1.2𝜀𝜀𝑦𝑦 < 𝜀𝜀 < 1.2𝜀𝜀𝑦𝑦
−1.3𝜀𝜀𝑦𝑦 < 𝜀𝜀 < 1.3𝜀𝜀𝑦𝑦
−1.4𝜀𝜀𝑦𝑦 < 𝜀𝜀 < 1.4𝜀𝜀𝑦𝑦
−1.5𝜀𝜀𝑦𝑦 < 𝜀𝜀 < 1.5𝜀𝜀𝑦𝑦
−1.6𝜀𝜀𝑦𝑦 < 𝜀𝜀 < 1.6𝜀𝜀𝑦𝑦
−1.7𝜀𝜀𝑦𝑦 < 𝜀𝜀 < 1.7𝜀𝜀𝑦𝑦
−1.8𝜀𝜀𝑦𝑦 < 𝜀𝜀 < 1.8𝜀𝜀𝑦𝑦
−1.9𝜀𝜀𝑦𝑦 < 𝜀𝜀 < 1.9𝜀𝜀𝑦𝑦
−2.0𝜀𝜀𝑦𝑦 < 𝜀𝜀 < 2.0𝜀𝜀𝑦𝑦

Remark
(C & T)
(C & T)
(C & T)
(C & T)
(C & T)
(C & T)
(C & T)
(C & T)
(C & T)
(C & T)
(C & T)
(C only)
(C only)
(C only)
(C only)
(C only)
(C only)
(C only)
(C only)
(C only)
(C only)
(C only)
(C only)
(C only)

Table 3. Statistical correlation between the unloading stress and maximum compressive reloading
strength
Material Model
Perfectly plastic
Perfectly plastic
Hardening

Loading Protocol
Constant amplitude
Varied amplitude
Constant amplitude

Mean Bias
1.18
1.11
1.00

COV
0.14
0.09
0.02

Table 4. Properties of the stiffened panels for validation (Unit: mm, MPa)
Beam section
𝑡𝑡𝑝𝑝
𝑏𝑏𝑝𝑝
ID
𝑎𝑎
ℎ𝑤𝑤 × 𝑏𝑏𝑓𝑓 × 𝑡𝑡𝑤𝑤 × 𝑡𝑡𝑓𝑓
A
1000
350
9
200×140×6.4×8.8 T
B
2000
350
9
200×140×6.4×8.8 T
C
2000
550
9
128×102×6.1×8.4 T
D
1000
450
9
128×102×6.1×8.4 T
Table 5. Loading protocols for validation
Case
Number of cycle
1
Single-cycle
2
Multi-cycle

𝜎𝜎𝑦𝑦𝑦𝑦

350
350
350
350

𝜎𝜎𝑦𝑦𝑦𝑦

350
350
350
350

Applied strain range
−1.5𝜀𝜀𝑦𝑦 < 𝜀𝜀 < 2.0𝜀𝜀𝑦𝑦
−1.0𝜀𝜀𝑦𝑦 < 𝜀𝜀 < 1.5𝜀𝜀𝑦𝑦

Notation
Φ: Edge function
𝛽𝛽𝑒𝑒 =

𝜀𝜀 =

𝑏𝑏 𝜀𝜀𝜎𝜎𝑦𝑦
�
𝑡𝑡 𝐸𝐸

𝜀𝜀𝐸𝐸
𝜀𝜀𝑦𝑦

𝜎𝜎𝑦𝑦 : Material yield stress

𝜀𝜀𝑦𝑦 : Material yield strain
𝐸𝐸: Young’s modulus
𝜀𝜀𝐸𝐸 : Effective strain

𝑆𝑆: Deviatoric stress tensor

𝛼𝛼 𝑑𝑑𝑑𝑑𝑑𝑑 : Deviatoric part of the backstress tensor

𝐶𝐶𝑘𝑘 : Initial kinematic hardening modulus

𝛾𝛾𝑘𝑘 : The rate at which the kinematic hardening modulus decreases with increasing plastic
deformation
𝜎𝜎|0 : Initial yield stress at zero plastic strain

𝑄𝑄∞ : Maximum change in the size of the yield surface

𝐵𝐵: The rate at which the size of the yield surface changes as the plastic strain develops
𝑤𝑤𝑝𝑝 : Local plate deflection

𝑤𝑤𝑐𝑐 : Column-type deflection

𝑣𝑣𝑠𝑠 : Stiffener sideway deflection
𝛼𝛼: Aspect ratio of plate

𝛽𝛽: Slenderness ratio of plate
a: Plate length

t: Plate thickness
b: Plate width
𝜑𝜑1 : Compressive post-ultimate stiffness reduction factor
𝜑𝜑2 : Tensile strength reduction factor

