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Electro-osmotic flow can be used as an efficient pumping mechanism in microfluidic devices. For
this type of flow, frictional losses at the entrance and exit can induce an adverse longitudinal
pressure distribution that can lead to dispersive effects. The present study describes a numerical
investigation of the influence of the electric double layer on the induced pressure field and the flow
development length. The induced pressure gradient is affected by the volumetric flow rate, fluid
viscosity and the channel height. When the electric double layer is small, the development length
remains constant at 0.57 of the channel height but decreases as the double layer grows in thickness.
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1. Introduction
Microfluidic devices that utilize electro-osmotic flow (EOF) have developed rapidly1-4
and are particularly suited to the production of many low-volume, high-value compounds
used by the fine chemical and pharmaceutical industries. Compared to conventional
devices, miniaturized systems offer a number of advantages that include reduced
fabrication costs, shorter process times and reduced reagent consumption.
In an ideal EOF the velocity profile is plug-like and the mean velocity will be
independent of the cross-sectional area provided the electric double layer (EDL) is much
smaller than the characteristic length scale of the channel. As a consequence, dispersive
effects are minimized and EOF offers an efficient method for manipulating fluids in
miniaturized devices. However, electro-osmotic flows can be difficult to control due to
the complex interactions arising from the surface composition, buffer characteristics, and
the applied electric fields. Subtle hydrodynamic effects can also influence flow control.
Measuring flow properties in micro-devices, without disturbing the flow field,
remains a challenging issue. Theory and simulation therefore have an important role to
play in explaining many of the experimentally observed flow phenomena. For example,
previous work5,6 demonstrated that the pressure losses associated with a sudden
contraction (inlet) or expansion (outlet) would lead to an adverse pressure gradient being
induced, as shown in Fig. 1. In the present work, a numerical study has been carried out
to investigate the pressure changes at the ends of the channel and the flow development
length.
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Fig. 1. Schematic diagram of an electro-osmotic flow in a micro-channel and the induced pressure field caused
by inlet and outlet losses.

2. Mathematical Model and Numerical Simulation
Electro-osmotic flow can be modeled by adding a source term to the Navier-Stokes
equations describing the electrical force acting on the ions. The governing equations can
be found in the literature6, 7 and are given by
∇ ⋅ u = 0,

ρ

Du
Dt

= −∇p + µ∇ 2 u + F ,

(1)
(2)

where u is the velocity vector, ρ is the fluid density, µ is the viscosity and p is the static
pressure. The electrical force, F, acting on the fluid is given by
F = −ρ e ∇ (ψ + φ),

(3)

where ρe is the electric charge density, ψ is the electric potential due to the zeta potential
at the wall, and φ is the applied electric field described by Laplace’s equation, i.e.
∇2 φ = 0. The local net charge density, ρe, can be determined from ∇ 2 ψ = −ρe / ε, where
ε is the electric permittivity of the solution. This equation can be simplified by
employing the Debye-Hückel approximation to give ∇ 2 ψ = k 2 ψ , where k−1 is the Debye
length which characterizes the thickness of the electric double layer. Further details and
discussion of the present numerical model can be found in Ref. 7.
To minimize the influence of boundary errors, the present study has modeled the
entire flow field (including the reservoirs). The boundaries of the upstream and
downstream reservoirs were placed 20d away from the channel, where d is the height of
the channel. Increasing the location of the boundary further had a negligible effect on the
results. For ease of computation, the zeta potential along the surface of the channel was
considered to be uniform and the reservoir levels were assumed to remain constant. In
order to keep the computational costs at a realistic level, the flow simulations were
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performed in 2D which can be justified because practical electro-osmotic devices are
often fabricated with high aspect ratios.
The electric double layer thickness can range from 1-100 nm, which is about 100
times smaller than the height of a typical micro-channel. To resolve the entire EDL is
therefore computationally impractical. Instead, the Helmholtz-Smoluchowski slip
boundary condition8 was applied at the edge of the EDL. The grid point next to the wall
was assumed to be outside the EDL and the no-slip condition was applied at the wall.
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Fig. 2. a) pressure contours at the micro-channel inlet, φ1 − φ2 = 200 V; b) longitudinal pressure distribution,
φ2 = 0 V. Here, d = 10 µm, k−1 = 10 nm, and u is the mean velocity in the channel.

In the present paper, the numerical simulations have used the commercial
Computational Fluid Dynamics software, CFD-ACE+.9 The liquid was assumed to be a
Newtonian aqueous solution with the following properties: dielectric constant,
εr = /permittivity of free space = 78.5, viscosity, µ = 0.001 Nsm−2, and zeta potential,
ζ = –100 mV. In all computations, the channel length was taken to be 200d. The pressure
contours shown in Fig. 2a illustrate that the flow develops very rapidly and the pressure
quickly establishes a uniform profile across the channel. Figure 2b shows the influence of
the externally applied electric field on the induced pressure distribution. The simulations
predict a sudden drop in pressure at the entrance followed by a gradual increase in
pressure along the channel and another sudden drop at the exit. Electro-osmotic flow can
therefore induce an adverse pressure gradient along the length of the channel which
compensates for the energy losses at the entrance and exit. In contrast, simulations by
Yang et al.10 have recently claimed that the induced pressure gradient is zero within the
fully-developed region if the channel length is > 50d. A theoretical explanation was also
proposed to support their findings but it contained an incorrect assumption that
2
2
∂ u / ∂y = 0 along the centerline of the channel. This boundary condition will always
result in a zero pressure gradient in the fully-developed region. The reasons for the
discrepancy between the results given by Yang et al. and the present work are unclear.
In the current analysis, the development length, ld, is found to be independent of
Reynolds number for creeping flow. We have defined ld as the distance from the inlet to
the location where the fluid velocity along the centerline of the channel reaches 99% of
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the fully-developed value. For k−1d −1 less than 10−3, the flow development length, ld, was
found to be constant at 0.57d. Interestingly, the value of ld then decreases with increasing
Debye layer (see Table 1). In comparison, ld is 0.63d for pressure driven creeping flow.11
Table 1. Influence of the electric double layer on the flow development length, ld.
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3. Conclusions
Electro-osmotic flow creates an induced pressure gradient as a result of pressure losses at
the entrance and exit of the channel. In previous numerical simulations, this effect has
either been ignored or misunderstood. The present simulations have shown that the
induced pressure gradient depends on the volumetric flow rate, the fluid viscosity and the
channel height. In addition, the thickness of the electric double layer is found to have a
significant effect on the flow development length.
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