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ABSTRACT. In this paper we consider a generalized diffusion equation on a
square lattice corresponding to Mellin transforms of the k-path Laplacian. In
particular, we prove that superdiffusion occurs when the parameter s in the
Mellin transform is in the interval (2,4) and that normal diffusion prevails
when s > 4.

1. INTRODUCTION

Many physical systems are best represented by graphs G = (V, E), where the set
of nodes (vertices) V represents the entities of the system and the set of edges
E describes the interactions between these entities [13]. Among those systems
we can mention atomic and molecular ones as well as complex networks, which
include a vast range of complex systems embracing biological, social, ecological,
infrastructural and technological ones. Diffusion-like processes, such as diffusion,
reaction-diffusion, synchronization, epidemic spreading, etc., are ubiquitous in those
previously mentioned systems [6]. Apart from the normal diffusive processes, where
the mean square displacement (MSD) of the diffusive particle scales linearly with
time, there are many real-world examples where anomalous diffusion takes place.
In these anomalous diffusive processes, MSD scales nonlinearly with time giving
rise to subdiffusive and superdiffusive processes [29].

In Part I [15] of this series we introduced a new theoretical framework to study
superdiffusive processes on graphs. In that work we considered transformations
of the so-called k-path Laplace operators Lj. The latter are defined in a similar
way as the standard graph Laplacian, but they take only nodes into account whose
distance is equal to k; here the distance is measured as the length of the shortest
path connecting two nodes. Hence Lj, describes hops to nodes at distance k. The
above mentioned transformations of L, are combinations of the form Zzil cLLy,
with some non-negative coefficients ¢;. This combination describes interactions
with all nodes where different strengths are used for nodes at different distances.
In general, one uses a sequence ¢ that is decreasing in k. In particular, in [15]
we considered the Mellin transform of L, which is obtained by choosing ¢, = k~*
with some positive parameter s. The choice of the transformation has proved to be
crucial in determining the diffusive behaviour. In [15] we studied, in particular, the
one-dimensional path graph. We proved that superdiffusion appears when a Mellin
transform of the k-path Laplace operators is considered with s satisfying 1 < s < 3,
while for s > 3 normal diffusion is obtained; the latter occurs also if one considers
different transformations of Ly like the Laplace and factorial transforms.

This new method adds new values to the already existing ones for modelling
anomalous diffusion. Among such existing methods we should mention the use of
random walks with Lévy flights (RWLF) [12, 34, 38, 30] and the use of the fractional
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diffusion equation (FDE) [27, 36, 23, 16]. While the first method is easy to use for
computer simulations, the second is preferred for analytical studies. However, there
are different types of definitions of fractional derivatives, such as the Caputo frac-
tional operator and the Riemann-Liouville fractional operator [32], which then have
different interpretations and adapt differently to the different physical phenomena
studied with them (see [20, 26]). The k-path Laplace operators allow the deriv-
ation of analytical results as the FDE but use a unique framework which is very
similar to the one traditionally used in graph and network theory. It also allows
an easy computational implementation in the form of a random multi-hopper on
graphs [14].

The goal of the current work is to study the solutions of the generalized diffu-
sion equation in 2D graphs. In particular, we focus our attention on the abstract
Cauchy problem in an infinite square lattice. Square lattices are ubiquitous in many
real-world physical systems. It is frequently used to describe the spin-1/2 antifer-
romagnetic Heisenberg model in a variety of materials [28, 19, 3, 11]. It is also the
preferred model for two-dimensional (2D) gases and optical lattices [5, 21, 18, 1, 25].
Recently, square lattices of superconducting qubits have been used for error cor-
recting codes in quantum computers [9]. A very interesting discovery has been the
experimental finding that the native architecture of certain photosynthetic mem-
branes have square lattice shapes [35, 4, 10]. This finding is very relevant for the
current work as the existence of long-range interactions (LRI) is well documented
for light-harvesting complexes [17, 7, 8]. The existence of LRI like the ones math-
ematically described by the k-path Laplace operators considered here are well doc-
umented for other systems previously mentioned here, such as cold atomic clouds,
helium Rydberg atoms and cold Rydberg gases [2, 22, 37]. Note also that anom-
alous diffusion has been observed for ultracold atoms in 2D and 3D lattices [33].
Consequently, the study of a generalized diffusion model on square lattices and
proving the conditions for which superdiffusive behaviour exists on them is of great
theoretical importance due to the many physical processes involved.

The main result of the current paper is contained in Theorem 4.7, which describes
the asymptotic behaviour of the generalized diffusion equation corresponding to the
Mellin-transformed k-path Laplacian. We prove that superdiffusion occurs when
2 < s < 4 and that normal diffusion prevails when s > 4. More precisely, we
consider the time evolution of the solution of the generalized diffusion equation
with initial condition concentrated at one point. As time ¢ tends to infinity, the
spread of the solution (e.g. measured by the full width at half maximum) grows
like t* with k = % when s > 4, which is normal diffusion, and with x > % when
2 < s < 4, which is a superdiffusive behaviour.

Let us give a brief outline of the contents of the paper: in Section 2 we recall
results from Part I [15]. In Section 3 we study the solution of the generalized
diffusion equation and give an integral representation (Theorem 3.3). Finally, in
Section 4 we investigate the asymptotic behaviour of the solution as time tends
to infinity. In particular, we formulate and prove or main result (Theorem 4.7).
Finally, we examine the behaviour of finite truncations, 227:1 k=% Ly, of the Mellin
transforms. Although normal diffusion occurs in this case, the diffusion speed can
be made arbitrarily large if s € (2,4) and N is large enough; see Remark 4.9.

2. PRELIMINARIES

At the beginning let us briefly recall some of the results given in the first part [15]
of this article. Let I' = (V, E) be an undirected, locally finite graph with set of
vertices V and set of edges F. Moreover, let d be the distance metric on V, i.e. let
d(v,w) be the length of the shortest path from v to w, and let §;(v) be the k-path
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degree of a vertex v € V:
dr(v) = #{w eV : d(v,w) = k}. (2.1)

Let £2(V) be the Hilbert space of square-summable functions on V with inner
product

(f,9)=>_ fw)g(v),  fgelV).
veV
For k € N we consider the k-path Laplacian, which is an operator in ¢?(V) and
defined by

(Lef)w) == > (f)=f(w)),  fedom(Ly), (2:2)
weV:d(v,w)=k

with maximal domain dom(Ly), i.e.

S (fw) = f(w))

weV:d(v,w)=k

dom(Ly,) = {f erWV): Y,

veV

The following properties were proved in the first part of the paper.

Theorem 2.1. [15, Theorem 2.2] For each k € N the k-path Laplacian Ly is a
self-adjoined operator in €2(V). Furthermore, the operator Ly is bounded if and
only if the function 0 : V — N is bounded.

Now let us consider an Abstract Cauchy Problem of the form
u'(t) = —Lu(t), u(0) = 1, (2.3)

where L is some operator in £2(V). Similarly to the classical description of Brownian
motion, the solution to the system (2.3) with L = Lj, when rescaled properly,
converges to the normal distribution as time tends to infinity. In order to build the
model in which interaction among all vertices in a graph that are joined by a path
are taken into account, we use the differential equation (2.3) with an operator L
given by a transformed k-path Laplacian operator:

L= Z CkLk (24)
k=1

with some coefficients ¢ € C.

The main goal is to examine the existence of superdiffusion in the process de-
scribed by (2.3) with an operator L as in (2.4). In [15] we considered three trans-
forms: the Laplace, the factorial and the Mellin transforms, which differ in the rate
of convergence to zero of their coefficients. It appeared that for the first two the
probabilities of big jumps are too small for superdiffusion to arise and a significant
result happens only for the Mellin transform. In the current paper we therefore con-
centrate on the Mellin transform. Let us recall the definition and some properties
of the latter in the following theorem from [15].

Theorem 2.2. [15, Theorem 3.1] Let us consider an infinite graph T' which is locally
finite and such that its k-path degree O, defined in (2.1), satisfies the condition

Ok, max ‘= max{dx(v) : v € V} < Ck“ (2.5)
for some a > 0 and C' > 0. Then the Mellin-transformed k-path Laplacian
1
L i= ]; L (2.6)

is a well-defined, bounded operator in (*>(V) for s € C with Res > a + 1, and the
series in (2.6) converges in the operator norm.
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Omne can easily find examples of graphs for which (2.5) is satisfied and hence
the operator Ly,s is bounded, e.g. a path graph or a square lattice where 6 max
equals 2 and 4k, respectively. On the other hand, condition (2.5) is violated for the
Cayley trees with degree of the non-pendant node equal to r € N, r > 3, for which
Ok max = 7(r — 1)k-1.

3. EXISTENCE AND TIME EVOLUTION OF THE MELLIN TRANSFORM OF THE
k-PATH LAPLACIAN ON THE SQUARE LATTICE

Let us consider the square lattice, i.e. the graph T' = P, x P, = (V, E) with vertices
V = Z? and edges connecting vertices (4,7) and (m,n) when |i —m| + |j —n| = 1.
We usually write (uy y)q ez for functions on V.

On P, X P the k-path Laplacian Ly, defined in (2.2), is given by

k—1

(Lkt)a,y = dhug,y — ) [kaﬂ',yﬂ' T Uo—ktjy—j + Ua—jy+h—j T urﬂ'-,y*kﬂ}v
§=0

z,y €Z, uc V).

Clearly, Ly, is a bounded operator. For m,n € Z let 0y, : £2(V) — (*(V) be the
shift operator defined by

(Um,nu)z,y = Ug+m,y+n> T,y € Z.
Then L; can be written as
k—1

Ly =4kl — Z[O—kfﬁj +O0—ktj—j tO—jr—j5+ Jj’,kJrj] . (31)
=0

Let us consider the following Fourier transform, which is a unitary operator and
which is defined by

F (V) — L*([-m,7)?),

1 . .
(.FU)(p, q) = 27 Z uw,yeszelqy7 D, q S [—7'[',77], u € EQ(V),
e
z,y€l

and whose inverse given by

— 1 " " —ipx ,—1
(F ' flay = %/_W B f(p,q)e e "¥dpdg,  z,y €Z, f € L*([-m, 7]?).

Since
1 o 1 ) ,
(Fom,nu)(p,q) = Py Z Ugm,y4ne ey = o Z uw,yezp(x_m)ezq(y_n)
& T, yeL & T, YL
_ efipmefiqn(./—_-u)(p, Q),
we have

(FomnF " f)(p.q) = e P f(pq), p,q€[-m 7], feL?(-m7]*). (3.2)

Together with (3.1) we obtain that Ly is unitarily equivalent to a multiplication
operator; more precisely, the following lemma is true.

Lemma 3.1. With the notations from above we have

(FLeF ' f) (@) = llp.a) f(p.q),  p.g € [-m 7, f€L?(~mn]%), (3.3)
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where
: ikp _ ,—ikp) _ ikq _ ,—ikq
sinp- (e e sing - (e e
LA ) ( ) bl #1dl
COSp — COS q
4k +icotp - (eFP — e7hP) — k(ethP 4 o7ikP) = 0, m,
L(p. ) = P ) — k( ) Ipl = lal #
0, p=q=0,
k(1 — (~1)k), Ipl = lg| = .

Moreover, 1y, is continuous and even in both p and q, and the following inequalities
hold:

0 S lk(p7 CI) S 8ka p,q € [_ﬂ-vﬂ-]a (34)
l(p,q) > 0, (p.q) € [=m,7]*\ {(0,0)}. (3.5)
Proof. It follows from (3.1) and (3.2) that (3.3) holds with
k—1
(p.q) =4k — 3 [e—i[(k—j)pﬂ’q} _ e—il(=k+i)p—jdl
§=0

_ e—il—ip+k=i)al _ e—i[jp+(—k+j)qq

k-1 k-1
— 4k — e~ tkp Z eti(p=a) 4 pikp Z e~ t(p—a)
=0 =0

k-1 k-1
+ etk Z eI (PHa) | gtha Z e~ WPta), (3.6)
3=0 j=0
When |p| # |g| we can rewrite this as follows:
e—ikp _ e—ikq eikp _ eikq e—ikq _ eikp eikq _ e—ikp
lk(p,q) = 4k — , - , - , — ,
1 — eilp—a) 1 — e—ilp—a) 1 — eilp+a) 1 — e—ip+a)

; 1 1 ; 1 1
_ _ ikp _ _ —ikp _
=4k —e (1 —e—iptia 1 — eip+iq) e (1 _eip—iq 1 — e—ip—iq>

. 1 1 . 1 1
ikq _ —ikq _
te (1 — e—ip+iq 1— e—ip—iq> te <1 _ eip—iq 1— eip-‘,—iq)'

The expressions within the brackets can be simplified, e.g.

1 1 e~ PHia _ eiptiq

1 — e—iptia | — giptig ] — e—iptiq — giptig 4 e2iq

e P —e'P ¢sinp

e~ — e~ — e 4 ¢4 cosp—cosq

Hence
lk(p (Z) =4k — eikpﬂ e_ikpﬂ
) COSp — COS q CcOsSp — COS ¢
e“"q% _ e—ikq&
COSPp — COSq COSp — COSq
=4k - ——— {Sinp . (ezkp _ elecp) —sing - (equ N eflkq)]
COSp — COSq
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For the case when |p| = |¢| note that Ij; is continuous by (3.6). Write I}, as

flp) — fl@)
g

Wp.a) =4k = o)

with f(p) = sinp - (?*? — e=P) and g(p) = cosp. The Generalized Mean Value
Theorem implies that

f'(€)
lk(p,q) = 4k — o
with £ between p and g. Hence
/
be(p,p) = lim Iy (p, q) = 4k — 25’83

— 4k — iCOSp. (eikp _ e—ikp) —|—.ik sinp - (eikp + e_ikp)
—sinp

= dk +icotp- ("7 —eTHP) — k(e + 7). (37)

The relation 1;(0,0) = 0 follows from (3.6), and the value for Ix(p,q) when |p| =
lg| = 7 follows from (3.7) by taking the limit p — =.

That [ is even in p and q is clear. Since Ly is a non-negative operator in £2(V)
by [15, Section 2], the function /) is non-negative. The upper bound for I in (3.4)
follows from (3.6).

Finally, to show (3.5) rewrite l1; for |p| # |¢| we have

sin? p — sin? ¢

lLi(p,g) =4+2 =4 —2(cosp+ cosq), (3.8)

cosSp — cos q

which extends to all p,q € [—m, 7] by continuity. The right-hand side of (3.8) is
strictly positive unless p = ¢ = 0. O

Let us now consider the Mellin transformation of the k-path Laplacians L, i.e.
the operator

oo

1
Lys = Z ﬁLM
k=1

see (2.6). Since ||Lg|| < 8k by Lemma 3.1, the series converges in the operator
norm when s > 2. As the next lemma shows, the operator Ly, is also unitarily
equivalent to a multiplication operator in L?([—,7]?). In order to formulate this
lemma, we have to recall the definition of the polylogarithm. For s € C the function
Li, is defined by

S
Lis(2) =Y % 2] < 1,
k=1

and by analytic continuation to C\ [1,00) with 1 being a branch point; see, e.g.
31, 25.12.10].

Lemma 3.2. For s > 2 we have

(FLusF ') (0:0) = s, ) f(0,9),  prq € -7, f e L*([-m,7)%), (3.9)
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where
hiopa) = Y 7-lu(p.0) (310)
k=1
4(s— 1) + LR = 9:(0). ol # lal,
COSp — COS ¢
= 4<(S - 1) - 2COtp : Im(Lis(eip)> - QRG(Lisfl(eip))a |p| = |Q‘ 7é 0,m,
0, p=q=0,
4(1 = (=1)*)¢(s = 1), pl = lg| ==,
with
gs(p) := 2sinp - Im(Li (e’)). (3.11)

The function Iy, s continuous and even in both p and q, and the following in-
equalities hold:

0<lvs(p,q) <8(s—1), pqé€l[-mn], (3.12)
Iv,s(p,q) > 0, (p.q) € [-m, 7>\ {(0,0)}. (3.13)

Proof. It follows from Lemma 3.1 that (3.9) holds with Iy s defined as in (3.10).
When [p| # |q|, we have

Iy S(p7 q) _ oo i |:4k B Z.Sinp . (eikp _ e—ikp) _ sinq . (eikq _ €_ikq):|
| e COSp — Cosq
k=1
- 4§: S ! sinp - i 1 ((eip)k _ (67@);@)
ks—1  cosp — cosq ks
ht k=1
—sing - Z o ((ezq)k _ (ezq)k):l
k=1
A1) - g (L) L)
C(S ) cosp — cosg sin p i (e ) ls(e )

—sing - (Lis(eiq) - Lis(e*iq)ﬂ ,

which proves the formula for Iy s in the first case. Now assume that |p| = |g| # 0, 7.
Then

oo

h,s(p, q Z 1 [4k +icotp- (e“w _ e—ikp) _ k(eikp n e—ik-p):|

=
) i:: k( =) - i (e )

k=1
4¢(s — 1) +icotp - (Lis(e”) — Lis(e™")) — Lis_1 (") — Li,_1 (e~ 7).

The remaining cases are clear.

The continuity of iy, follows from the continuity of I and the fact that the
series in (3.10) converges uniformly. The symmetry of Iy s and the inequalities in
(3.12) follows directly from the symmetry of I and (3.4). The inequality in (3.13)
follows from (3.5) and the first inequality in (3.4). O

k=1
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Since Ly, is a bounded operator, the Cauchy problem

u'(t) = — Ly su(t), t>0, (3.14)
u(0) = (3.15)
has a unique solution, which is given by
u(t) = e e, >0,

It follows from Lemma 3.2 that
(FetteF1f) (p,q) = e e f(p, q),
t> 07 p,q € [_ﬂ-)ﬂ-}v f € L2([—7T,7T]2).

Using this relation and the fact that Iy s is even one can easily show the following
theorem; cf. [15, Theorem 5.2] for the case of the infinite path graph. For the
formulation of the theorem let e,, ,, € £2(V) be the vector defined by

1, m=xz,n=y,
(emmn)ey = (3.17)

(3.16)

0, otherwise.

Theorem 3.3. Let s > 2 and @ € (*(V). The unique solution of (3.14), (3.15) is
given by

1 oo
— § o i[(x—m)p+(y—n —tlwm,s (p,
uz’y(t) - m m,nEZL um’n /;71' ‘/—7r N [ )p (y )q]e Mt q)dp dq7 xZ, y S Z

In particular, for & = ey we obtain
1 T ™ .
Uy (1) = ﬁ/ / el(wp+yq)e*th,s(p,q)dp dq, z,y € Z. (3.18)

4. DIFFUSION AND SUPERDIFFUSION FOR MELLIN-TRANSFORMED k-PATH
LAPLACIAN ON A SQUARE LATTICE

In this section we examine the long-time behaviour of the solution to the Cauchy
problem generated by the Mellin-transformed k-path Laplacian. The main result is
contained in Theorem 4.7. To prove this theorem we first examine the asymptotic
behaviour of the function iy s (see Figure 4.1) as the arguments tend to zero, which
is contained in Proposition 4.5. The discussion is based on similar considerations
undertaken for the path graph in [15], but the arguments are more subtle. We start
with a simple lemma, which is used a couple of times below.
Lemma 4.1. Let b > 0, let f: (0,b) — R be differentiable and assume that
lf'(t)] < Cte, t € (0,b),

for some C >0 and a > 1. Then

fp 1o

‘ “Le* ' pae(0,0),p#q

)‘ c
< — max
p? —q? 2 v

Proof. Define the function g(x) := f(v/z), = € (0,b%). Let p,q € (0,b) such that
p # q and set x = p?, y := q2 Then

fp) = fl@)] _ |9(x) —9(y) /
= = 4.1
R =90 g6 (4.1)

P —q?

for some & between z and y by the Mean Value Theorem. Since /£ < max{p, q},

we obtain that
(\/E)
= < =
which, together with (4.1), ﬁnlshes the proof. O

< C(\/g)a c {pa—17qa—1},
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(c) lum,s restricted to p = g for s = 2.1 (blue) and s =5 (red), respectively
FIGURE 4.1. The graph of the function ly; 5 on the square [—m, 7]?
for the parameters s = 2.1 (a) and s = 5 (b), respectively. The
third graph (c¢) shows the behaviour of both solutions s = 2.1 and
s = b restricted to the line p = q.

In the next three lemmas we prove auxiliary asymptotic results, which are used
to obtain the asymptotic behaviour of ly; s in Proposition 4.5.

Lemma 4.2. We have

1 2

1
= - 1 Ta 2 2 R 9 ) ) € 1, ) .
s~ pog | T @ O R paclmal ol #d

where
Ri(p,q) =0(* +q¢*),  p.q—0, |p| #lq|-

Proof. We write

2 4
p p
COSP:1—§+Q+J[(P)
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where f'(p) = O(p®), p — 0. For p,q € (0, 7] with p # ¢ we have

2 9 4 4
pT—q P —q
cosp = €osq = ——— + 51 + f(p) — f(q)

= —%(p2 -¢°) [1 - i(p2 +q¢°) -2

f(p) — f(qq
12

p2_q2
1 2 2 1 2 2 4 4
=5 —Q)[l—m(p +4¢*)+O(p +q)]7 p.q— 0,

where the last relation follows from Lemma 4.1. Now the claim is obtained by taking
inverses on both sides and extending the result to non-positive p, ¢ by continuity
and symmetry. O

Lemma 4.3. Let s € (2,00) \ {4}. Then

2Im(Lis (")) = —%ps—l +2¢(s—1)p— 4(33_ 3)p3 + Ra.s(p), p € (0,27),

2
where )
T
————r S ¢ 27,
C, =1 T(s)sin(%) (4.2)

0, s €27,

and
Rys(p) =O(p°) and Rh,(p) =O(p*), p\0, if s#6,

and

Ras(p) = O(p°|Inpl) and Ry (p)=O(p'|npl),  p\0,  if s=6.
Proof. First let s € (2,00) \ N. It follows from [31, 25.12.12] that, for p € (0, 27),

|

2 Im(Lis(eiP)) =2Im

D= s) (i + 3 s w2
n=0

el n,n
=2Im lf(l —s)p* e (B 4 Z ¢(s— n)Z P ‘|

ot n!
o L T e = N e VT
2I(1 — s) sm((s 1)2>p JFQZC(S 21-1) (20 + 1)lp
1=0 '
=G pacts - U Ry,
where
' T 4rsin((s —1)%) 4m cos()
Cs=4T(1 —s) Sln((S - 1)5) T I(s) Sin(sﬂf T I(s) sin(iﬂ')
I
~ T(s)sin(F)
and

oy (-1
Ry s(p) = 2;((3 —92] — 1)mp21+1.

This relation extends to s being an odd integer with s > 3. Moreover, R, s satisfies

[

Ras(p) =O(p") and R (p)=0(@"), p\0.
This proves the claim for s € (2,00) \ 2N.
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Now let s € {6,8,...} and set

3

%\P—‘

j=1
From [24, p. 131] we obtain, again for p € (0, 27),

s—1
2Tm (Liy (7)) :2Iml((;pz 1)!<H5 . — Log(— ) (ip)" ]
n;és 1
:2Im[(_l()j:11iﬁs_l(H lnp-l-z—) ]
n;és 1
2(71)%71 S— e (71)1
:Wp "(Hs—1 —Inp) +2 Z C(s— 21— mpzzﬂ
1 ; 1
—QC(S—l) —@pi’)_}_st(p)’
where

_ 2(71)%71 s— (71)

Rys(p) = (s—1) p (Hs 1—lnp)+2 2 C(S—ZZ—I)(2I+1) 241
I#£5-1

which satisfies

Rs<(p) = O(p°) and R (p) = o(p*), p\, 0, if s> 8,

and
Ras(p) = O(p°|Inpl) and Rj (p) =O(p*/lnpl),  p\0, if s=6.
This finishes the proof in the case when s € {6,8,...}. O

Lemma 4.4. Let s € (2,00) \ {4} and let g5 be defined as in (3.11) and Cs as in
(4.2). Then

((s=1D+¢(s=3)

9s(p) = —%ps +2((s — 1)p° — 3 p* + Rs(p),
where Ry, satisfies
O(p+h), s €(2,4),
5.5(p) =  O(P°), € (4,00)\ {6}, (4.3)

o 1np\>7 s =6,
as p \ 0.
Proof. Write sinp = p — % + Rgin(p). From Lemma 4.3 we obtain that
9s(p) = 2sinp - Im(Li,(e'?))

3 _
—[p- 2+ )] |-G 2 - 1= 0 4 )
f%ps + QC(S . 1)]?2 7 C(S B 1) ;i; C(S B 3)])4 + Rg,s(p)
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where
Cs s+2 CS s—1
Rss(p) = 75P" = 5p" Ran(p) + 2((s = 1)pRein(p)
s—3 s—3 i
+C( = )ps_ ¢ 3 )p3RSin(p)+s1np~R2,s(P),

which satisfies

5.5(p) = O(P"™) + O(p°) + O(Ras(p)) + O (PR (p))-
The latter relation yields (4.3).

O

In the next proposition we consider the asymptotic behaviour of the function
Im,s around the origin. In particular, we observe that the behaviour differs for the
two cases s € (2,4) and s € (4,00). For the case when s = 4 the behaviour is more
complicated and involves a logarithmic term; we do not consider this case in the

following.

Proposition 4.5. Let s € (2,00) \ {4}, let la,s be as in (3.10) and C as in (4.2).

Moreover, define

P s _ q s
o Pl g
P2 —q
hl,s(pv q) = C
SLs) 159 _
5 Ip|*~=, Ip| = lql,
C(s—1)4+2¢(s—3
hos(p. q) = (s 1) 3 ( )(p2 +q%).
Then
b,s(p, @) = ha,s(p,q) + has(p, @) + Rs(p, ), p,q € [—m, 7,
where
Ri(p,q) =0(p* +4¢%),  p.q—0,
with

min{s,4}, s#6,
o =
4—¢g, s =06,

with an arbitrary € > 0.
In particular, we have

his(p,q) +O(®° + ¢°), 5 €
Iv,s(p,q) = { has(p,q) + O(p* + ¢*), s €

h2,s(pa q) + O<p4_€ + q4_8)7 s = 6a
as p,q — 0 with arbitrary € > 0 when s = 6.

Proof. Let p,q € (0,7] such that p # ¢. From Lemmas 3.2, 4.2 and 4.4 we obtain

It (p,0) = 4C(s — 1) + 22D = 9:(0)
COSp — COSq

2 1
=4 —1)— —— 1+ —=(p? 2 R
=1 - 214 )+ Ralp)]

< =St ") 2~ )0~ ) -

C(8—1)+C(8—3)( "
3

+ R3.5(p) — RS,S(Q)]

b —q

Y
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1 P’ —q°
=4C(s—1)+ {1 + ﬁ(p2 =+ qz) + Rl(paq):| : {Ospz—qQ

2R3,s(p) - R3,S(Q)
p2 _ q2

G5 = 1)+ 2 (¢l = 1)+ - 3) 0P + ) -

S

= Csﬁ + E(((s— 1) +¢(s —3)) - %C(S - 1)] (»* +¢*) + Rs(p, q),

where

S S

o lLl2 2 r-qa
Ry(p,q) —05[12(19 +q )+Rl(paQ)} e

R 0) |16~ 1)+ 3 (06— ) + - 3) 0+ )

1
+ 55 (6 =1+ =3))0* + ¢
1 R3s(p) — Rs,5(9)
ol L2 a2 : : .
[ +12(p +q)+R1(p,q)] R
It follows from Lemma 4.4 that
min{s + 1,5}, s #6,
3.5(D) = o(p?) where 3 = (4.4)
5—¢g, s =06,
for arbitrary € > 0. Lemma 4.1 implies that
P-¢ 2 | s
g =0 ‘v 7?),  ap—0,p#q,
. Ra(p) = R0
,s\D) — ,s\d _
eSSl 00" Y, ap—0,p#a,
pT—q

where (3 is as in (4.4). The error term R satisfies

Rs(p,q) =0(p* +4¢%), p,g—0,p#gq,

where
min{s,4}, s#6,
o =
4—¢, s =6,
with an arbitrary € > 0. Since Iy s, h1,s and hg s are continuous and even in p and
g, the result extends to all p,q € [—m, 7. O

The next lemma is the key lemma about the long-time behaviour of the solu-
tion of the Cauchy problem; it is a generalization of [15, Lemma 6.1] to the two-
dimensional setting. It is more subtle than the one-dimensional case, but a further
generalization to n dimensions is straightforward.

Lemma 4.6. Let o > 0 and let | : [-7,7]> = R be a continuous function that
satisfies

I(p,q) >0,  (p.q) € [-m 7>\ {(0,0)} (4.5)
and can be written as
U(p,q) = h(p,q) + R(p,q)
where the continuous function h : R? — R satisfies
h(rp,rq) = r*h(p,q), >0, p,q €R,
and
R(p,q) =o(lpl* +14|*),  p,q—0. (4.6)
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Define the function

flx,y,t) =1 // izptya) o=t P9 qp dg, z,y €R.
Then
1 o0 (o] l
f(t 5;“777 472/ /el(€”+"w)6_h(“’w)dvdw =: F(&,n), (4.7)
—0o0 —00
t — oo, uniformly in &, n € R.
Hence

f(z,y) :t_%F(t_éx,t_%y) —l—o(t_%), (4.8)
t — oo, uniformly in x,y € R.
Proof. Let us first show that there exists C' > 0 such that
I(p.q) = C(Ip* +1al*),  p.g€[-m 7). (4.9)
For fixed (p,q) € R?\ {(0,0)} we have
l(rp,rq) = r“h(p,q) + o(r?), r N\ 0,
which, together with (4.5) implies that h(p,q) > 0 for (p,q) € R?\ {(0,0)}. Set

Cl = min h’(p7 Q>7
[pl*+|gl>=1

which is a positive number. Let (p,q) € B2\ {(0,0)} and set 7 := (|p|* + |¢|*)=.

Then
hip,q) = h(r? rq> r h(p q) > Cyr®

r r’r
and hence
h(p.q) = Ci(lpl* +dl*),  paeR. (4.10)
Together with (4.6), this implies that
C o (e} «
I(p,q) > 7(Ip\ +1g/%),  p,q €R such that [p|* + [q|* <ro

for some rg > 0. Since [ is continuous and satisfies (4.5), we obtain (4.9).
For £,m7 € R and ¢t > 0 we can use the substitution v = t%p7 w = t%q to obtain

1
it (Ep+na) ,—tl(p.9)
47.(.2 // pTngq e p,q dpdq

_ 4% / / ei(Ev+7]w)e—tl(t_%”’t_%w)dv dw.
78

1 1
—tam —tam

taf(tag, tan,t) =ta

~+~
Q=
3
o+

Q

3
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Hence

— 4% // ei(varnw) (eftl(tfiv,tfiw) _ €7h(v’w)>d’U dw
7

1 1
[—tamtanr]?

1
v4nw) 7hv,w
~ e // et du

R2\[— taﬂtarr

_1 _1
< 471_2// ST o (v w)‘ —H{tT vt ”w)—e_h(”’“’)‘dvdw (4.11)

1
+ =) // e M) dy dw, (4.12)
71'

1 1
R2\[—ta 7w, tow]?

where x¢ is the characteristic function of a set G C R?. The integral in (4.12)
converges to 0 as ¢ — o0o; note that the integral in (4.12) exists by (4.10). From
(4.9) and (4.10) we obtain the following estimate for the integrand in (4.11):

1 _1
—tl(t" @v,t” aw) —e~

(v,w)‘e h(v,w)‘

1 1
X[—taﬂ',ta |2

_1 _1
<X[ 1 1 ]2(v,w)(e—tl(t auvt aw)+e—h(v,w)>

- —tamitam

—tC(t ¥4t w|® —C1(|v]*+|w|*
SX[,tgmé,rp(%w)(e (ol [wl®) 4 o=C1(jv|*+lwl ))

o « [e3 [e3
< e=CUvl™+w|) | (=Cr(jol+wl*)

where the right-hand side is integrable on R? and independent of t. For fixed
v,w € R? and large enough ¢ > 0 we have

H(t w0, 6" w) = th(t™ v, 6" w) + tR(t %0, ¢~ 5 w)
= h(v,w) +to(t ™ (Jv|* + |w|*) = h(v,w) as t — oo.

Hence the integrand in (4.11) converges to 0 pointwise as t — co. Now the Dom-
inated Convergence Theorem implies that the integral in (4.11) converges to 0 as
t — oo. Since the integrals in (4.11) and (4.12) are independent of £ and 7, the
convergence in (4.7) is uniform in £ and 7.

The relation in (4.8) follows casily from (4.7) by using the substitution o = ¢=¢,
y = ta. =

The next theorem is the main result of the paper. It contains the long-time
behaviour of the solution of the Cauchy problem corresponding to the Mellin-
transformed k-path Laplacian. It shows, in particular, that, for s € (2,4), the

solution exhibits superdiffusive behaviour whereas for s > 4 one has normal diffu-
sion.

Theorem 4.7. Let T' = (V, E) be the square lattice as described at the beginning of
Section 3, let s > 2, s # 4, and let Ly s be the Mellin-transformed k-path Laplacian
defined in (2.6). Let u be the solution in (3.18) of (3.14), (3.15) with & = e,
where eg o is defined in (3.17). Then

Ug,y(t) = t_%FS (t_%x,t_%y) + o(t_%), t — oo, uniformly in x,y € Z,
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where in the case s € (2,4),

. co oo 4
a=s5—2 and Fs(g’n) = ﬁ / / 61(5U+7]w)e—h1,s(’u,w)dv dw
7

with hy s from Proposition 4.5, and in the case s € (4,00),
£2+49?

1
a=2 and F,(&n) = oy e~ s

with
C(s—=1)+2¢(s—3)
3 )

Vs =
(See Figures 4.2 and 4.3.)

Proof. By Proposition 4.5 and Lemma 3.2 the function Iy s satisfies the assump-
tions of Lemma 4.6 with h = hy s and & = s — 2 when s € (2,4) and with h = hg 4

and o = 2 when s € (4, 00). Hence all claims follow from Lemma 4.6. O
.
25
2<
151
1<
051
2 3 4 5 6
S

FIGURE 4.2. The s-dependance of é

Remark 4.8. Theorem 4.7 shows that the distribution spreads proportionally to
t= where « is as in that theorem; cf. [15, Remark 6.2]. When s > 4, one has
normal diffusion since the profile spreads proportionally to ¢z in this case. When
2 < s < 4, however, we observe superdiffusion because then the spread of the profile
is proportional to t* with k = 812 > % In particular, when s = 3, then the profile
spreads linearly in time, which is a ballistic behaviour.

One can measure the spread, e.g. with the full width at half maximum (FWHM),

which, for our purpose, we can define as

1
FWHM(¢) := QSup{r >0 ug,(t) < §u070(t)
for all z,y € Z with |z|* + |y|* > 7“2}.

One can show that FWHM(t) ~ cta as t — oo with some ¢ > 0; cf. [15, Remark 6.2]
for the one-dimensional case. O
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(b) s=6

FI1GURE 4.3. The graph of the limit solution F from Theorem 4.7
for s = 2.5 (a) and s = 6 (b), respectively.

Remark 4.9. Let us consider finite truncations of the Mellin transformation (2.6)
of the k-path Laplacian, i.e. set

|
Lys,N = Z EL]C
k=1

for N € N. By Lemma 3.1 this operator is unitarily equivalent to the operator of
multiplication by the function

1
lMsza Zkf

where [j; is defined in that lemma. Using Lemmas 4.1 and 4.2 one can show in a
similar way as above that

2k% + k
lk(p,q) = T(p2 +¢3)+00p" +4¢"), pg—0
and hence
N
2k3 +k
Ins,v (P g Z +¢)+0(p' +4¢",  pg—0

This leads to normal diffusion by Lemma 4.6 and not to a superdiffusive process
like in the non-truncated Mellin transformation. However, the diffusion speed and
the variance of the limiting normal distribution grow with N, e.g. if one measures
the former with the full width at half maximum, one gets

N o3 3
FWHM(f) ~ 2 <(ln 23" 2’;;’“) T g (4.13)
k=1



cf.
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[15, Remark 6.4]. As N — oo one has the following behaviour,

N

(2% + 1)k 2 4 .

~ N=73 N f 2,4

— 3]{)5 3(4—3) ? _>OO7 1 SE( ’ )7
N

2k% + 1)k 2¢(s — -1
Z( +1) — Cls=3) +¢(s ), N — oo, if s€(4,00).
= 3k 3

When s > 4 (i.e. when u in Theorem 4.7 shows normal diffusion), the coefficient in

(4.

13) converges to the corresponding coefficient for u as N — oo, and the limiting

normal distributions converge to the limiting distribution from Theorem 4.7. On
the other hand, when s € (2,4), the coefficient in (4.13) diverges as N — 0. So,
although one has normal diffusion for every finite N, the speed of the diffusion —
and also the variance of the limiting normal distribution — can be made arbitrarily
large if N is chosen big enough. O
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