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Abstract Detailed-chemistry DNS studies are becoming more common due
to the advent of more powerful modern computer architectures, and as a result
more realistic flames can be simulated. Such flames involve many alternative
fuels such as syngas and blast furnace gas, which are usually composed of
many species and of varying proportions. In this study, we evaluate whether
some of the commonly used models for the scalar dissipation rate and flame
surface density can be used to model such flames in the LES context. A priori
assessments are conducted using DNS data of multi-component fuel turbulent premixed flames. These flames offer unique challenges because of their
complex structure having many distinct consumption layers for the different
fuel components unlike in a single-component fuel. Some of the models tested
showed good agreement with the DNS data and thus they can be used for the
multi-component fuel combustion.
Keywords DNS · LES · Fractal · Flame surface density · Scalar dissipation
rate · alternative fuels

1 Introduction
Large Eddy Simulation (LES) of turbulent and reacting flows is challenging
and requires accurate but also robust models for sub-grid scale (SGS) turbulence and combustion processes. Despite this, it is gaining popularity in
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relevant industries and is likely to become a workhorse in the near future. In
turbulent reacting flows, the turbulence influences combustion while the heat
release from combustion affects the turbulence and its interaction with scalar
mixing and diffusion. These physical processes are therefore interrelated in a
non-linear manner as reflected by the nature of the governing equations. Premixed flames, in particular, are important as they are found in many industrial
devices and LES modelling for these flames includes various approaches such
as Thickened Flames (TF), Flame Surface Density (FSD), G-equation, Unstrained/Strained Flamelets, Conditional Moment Closure etc. and a thorough
review on them can be found in [1, 2]. The Scalar Dissipation Rate (SDR) N [3,
9], and Flame Surface Density (FSD) Σ [4]-[7], are two important quantities
in turbulent combustion modelling as they appear either directly or indirectly
in many of the above modelling approaches. These two quantities are defined
as,


∂c ∂c
(1)
N = D
∂xi ∂xi
and
r
Σ =

∂c ∂c
∂xi ∂xi

=

p

N/D

(2)

respectively, where c is a suitably defined progress variable. The diffusion coefficient of the progress variable is D and, if c is defined using temperature
then D = λ/(ρcp ) where λ is the thermal conductivity of the mixture with a
specific heat capacity of cp . The SDR appears directly in closures for the reaction rate, ẇc , of the progress variable c (e.g. in Bray’s model [8]) and it also
appears as an unclosed term in the transport equation for the progress variable variance required for Unstrained/Strained Flamelet modelling. The FSD
appears in related closures such as in the transport equation for the filtered
progress variable e
c. Many different models have been developed for the SDR
and FSD in the past [9]-[16]. A popular closure for the FSD is to introduce a
wrinkling factor Ξ describing the effect of flame front distortion induced by
the turbulence. The filtered FSD is then obtained using:
r
∂c̄ ∂c̄
Σ=Ξ
(3)
∂xi ∂xi
where the overbar denotes an LES filtering operation. The wrinkling factor is
usually modelled using a fractal-based closure,

Ξ=

ηo
ηi

Df −2
(4)

where ηo and ηi are the outer and inner cut-off scales respectively and Df is
the fractal dimension. Such wrinkling factor-based closures have been used in a
number of LES studies of both canonical and practical flames showing overall
good results [17]-[25]. The outer cut-off scale ηo is usually taken to be equal

Assessment of FSD and SDR closures for turbulent flames of alternative fuels

3

to the filter size ∆ in LES. The inner cut-off scale ηi scales with the Gibson
scale lg = s3l / in the corrugated flamelets regime, where sl is the laminar
flame speed and  is the dissipation rate of the turbulent kinetic energy [26].
The quantity ηi scales with the Kolmogorov scale ηk for the thin reaction
zones regime [26]. Experimental studies [27] have shown that ηi scales inversely
2
with the Karlovitz number Ka = (δZ /ηk ) , where δZ is the Zeldovich flame
thickness. Also, other studies [28, 29, 31] have shown that ηi scales with δZ and
the laminar flame thermal thickness δl (based on the maximum temperature
gradient) for both corrugated and thin reaction zones regimes. The fractal
dimension Df depends on the turbulence level and it was parameterised using
the ratio u0 /sl where u0 is the rms of velocity fluctuations [32]. A past study [33]
suggested that Df increases from 2 up to a value of 7/3 for increasing u0 /sl ,
however, larger values were reported [34] for premixed flames.
A large number of models proposed in many past studies for Ξ were investigated using DNS data of premixed combustion with one-step chemistry
in [34]. It is important to note that Eq. (4) applies in the limit of large filter
widths only. DNS studies [35, 37] showed that the volume-averaged wrinkling
factor follows an exponentially reducing trend for smaller filter width because
Ξ should go towards unity in the limit of zero filter width to recover the DNS
results. This, prompted the modelling of Ξ as a function of ∆+ = ∆/δl [35].
In the same study [35], fractal-based models were proposed for the SDR also
with its fractal dimension well above the limit suggested in [33].
A priori assessment[35] using DNS data of a one-step chemistry premixed
V-flame showed that the fractal-based models favour the FSD more than the
SDR. As a result, an alternative modelling for the sub-grid scale SDR was
proposed and validated in [35] by extending an algebraic model derived for
RANS in a past study [36]. This SDR model was also extended to account
for Le number effects and validated using DNS data with one-step chemistry
in [37]. This algebraic model also showed an improved agreement with DNS
data compared to the traditional linear relaxation model [38]. Also, this algebraic model, to be discussed later in Eq. (15), requires the SGS velocity scale,
u0∆ , and a parameter βc to be specified. It was shown that the performance
of this model was weakly sensitive to the modelling of u0∆ [37] and that the
parameter can be evaluated dynamically [39, 40]. This dynamically evaluated
SGS model was also used in LES studies [41, 42] and gave overall good results. Since the past a priori assessment of this SDR closure used single-step
DNS data, its performance was also re-evaluated [43] using DNS data of turbulent premixed H2 -air combustion with detailed chemistry [44]. All of these
assessments were made for a single-component fuel combustion.
Alternative fuels such as as syngas, blast-furnace gas and coke-oven gas are
increasingly being used for power generation in the current energy climate.
These gases include many fuel components such as CO, H2 , and CH4 with
varying proportions in addition to other components like CO2 , O2 and N2 . The
relative proportions of these components depend on the production process of
these gases, and they typically have lower calorific values in general and thus
lower flame speeds. The H2 O can alter the chemical pathway depending on its
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concentration and it can enhance combustion by supplying OH radicals [45,
46, 47] or quench the combustion by absorbing the thermal energy when they
are present in copious amount. The CO2 mainly increases the specific heat
capacity of the mixture, thus reducing the flame temperature and speed. The
H2 can enhance combustion through preferential diffusion effects when it is
in large amounts. All of these effects play key roles in determining the flame
response to turbulence and despite this, most combustion sub-models currently
employed for reacting flow calculations were developed based on DNS of simple
fuels as noted earlier.
The distinct feature of the multi-component fuel flame structure is shown in
Fig. 1 by plotting the laminar reaction rates and heat release rate, normalised
using the respective maximum values, in the progress variable (based on temperature) space. Also, a methane-air flame structure, which is typically used
for theoretical analysis and model development in past studies, is shown for
comparison. There are many distinct overlapping reaction zones [48] unlike in
the single-component fuel, and also when compared to the classical structure
expected for one-step reaction (which concentrates all the chemical activities
towards the hotter side of the flame). Each of these reaction zones have their
own thicknesses which differ quite substantially and even if one defines an
overall flame thickness using the temperature gradient, it was observed to be
larger compared to the traditional fuel [48]. This implies that the turbulent
eddies can perturb these structures quite easily and their influences could vary
across the flame leading to different levels of distortion to different reaction
zones [48]. As a result of this, the fractal behaviour and distribution of the heat
releasing zone can change and thus it is worthwhile to investigate the commonly used modelling approaches, developed using classical flame structure
and simple fuel, for the FSD and SDR. Furthermore, the combustion of these
low calorific value fuels might occur in the distributed reaction zones regime
of turbulent premixed combustion [48], which would affect the modelling of
the SGS reaction rate.
As discussed above, model development and validation has predominantly
been done using DNS data of single-component fuels with one-step chemistry,
with only occasional use of detailed chemistry. Also, the majority of the experimental data used for the validation are for single-component fuels. Therefore,
it is unclear how well the SGS combustion closures developed in past studies
would perform for flames of multi-component fuels in light of the foregoing
discussion and based on the findings in [48]. These alternative fuels are being
considered for practical applications for which robust and efficient combustion
technologies need to be developed.
Turbulent premixed combustion of multi-component fuel containing a mixture of CO, H2 , H2 O, CH4 , CO2 in proportions akin to blast-furnace gas was
simulated using DNS with complex chemistry [48]. Varying levels of turbulence
were considered for the DNS. Hence, the objectives of this study are to use this
DNS database in order to: (a) to assess the performance of some popular FSD
and SDR models discussed in section 4, (b) examine the fractal attributes,
Df , and ηi , for the multi-component fuel flames and their dependence on the
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definitions of the progress variable, and (c) investigate the performance of the
algebraic model for the sub-grid scale SDR.
The rest of this paper is organised as follows. Section 2 gives a brief description of the DNS data, the filtering operation and models tested are discussed
in sections 3 and 4 respectively. The results are presented in section 5 and the
conclusions are summarised in the final section.

2 DNS databases
Direct Numerical Simulations were conducted using the SENGA2 code [49] in
a past study [48]. This code solves the compressible Navier-Stokes equations
for reacting flows using a 10th order finite difference scheme for interior points,
and a 4th order Runge-Kutta scheme for the time-stepping. These equations
using standard notations are,
∂ ρ ∂ ρuk
+
= 0,
∂t
∂xk

(5)

∂ ρuk ui
∂p
∂ τki
∂ ρui
+
=−
+
,
∂t
∂xk
∂xi
∂xk

(6)

∂ ρuk E
∂ ρE
∂ puk
∂ qk
∂ τkm um
+
=−
−
+
,
∂t
∂xk
∂xk
∂xk
∂xk

(7)

∂ ρuk Yα
∂ ρYα
∂ ρVα,k Yα
+
= wα −
.
∂t
∂xk
∂xk

(8)

where α is the species identifier. Table 1 lists the pertinent details of the DNS
data used for this study. These simulations considered premixed flames of a
multi-component fuel-air mixture propagating freely in three-dimensional turbulence [48]. The composition of the multi-component fuel is listed in Table 2.
A detailed chemical mechanism involving 49 reactions and 15 species developed [50, 51] specifically for such fuels was used in the DNS. According to the
classical combustion diagram proposed by Peters [52] the flames lie in the thin
reaction zones regime. Further details such as numerical resolution, boundary
conditions, etc. for the simulations are elaborated in [48, 53] and thus they are
not repeated here.

3 Filtering operation
The DNS data are filtered explicitly using a Gaussian filter. The filtered value
of a variable φ(x, t) is calculated as:
Z ∞
φ(x, t) =
G (x − x0 ) φ (x0 , t) dx0 ,
(9)
x0 =−∞

where the filter function, G, is given by,
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G(x) =

6
π∆2

 32


exp

−6x · x
∆2


.

(10)

A box filter can also be used as a filter kernel but the above Gaussian filter is
common in many earlier studies and thus it is used here also. The Favre-filtered
quantity is defined as,
e t) = ρφ
φ(x,
ρ

(11)

The DNS data are filtered using normalised filter width ranging from ∆+ =
∆/δl = 0.2 to 5. Typical values of ∆+ used for high quality LES range from
1 to 3 and thus the higher end of ∆+ used for the DNS data are relevant
for the large eddy simulations. The DNS data for a period of larger than 1
flame time, defined as tf l = δl /sl , after reaching a quasi-stationary state are
considered for the analysis reported in this study. Conditional averages based
on the filtered progress variable e
c are also time-averaged over the same period
to improve statistical accuracy of the results to be discussed in section 5.
4 FSD and SDR models
The following model was proposed for the FSD wrinkling factor by Dunstan
et al. [35],
#
"

  ∆ Df −2
(−θ1 ∆+ )
(−θ2 ∆+ )
(12)
Ξ= e
+ 1−e
ηi
where θ1 and θ2 are model parameters. A model for the filtered SDR was
proposed as [35],
e = Ξ D̃ ∂c̃ ∂c̃
N
(13)
∂xi ∂xi
using Ξ given in Eq. (12) but with different values for the model parameters.
The values of these parameters used for this study are given in Table 3 for
each case and are discussed later in section 5. The letters A, B and C refer to
the three turbulent flames listed in Table 1. It is worth noting that Eq. (13)
recovers the DNS result in the limit ∆+ → 0 because Ξ given in Eq. (12)
goes to 1 in this limit. For large enough ∆+ , the wrinkling factor follows a
power-law in accordance with many past studies. It is implicitly assumed that
the wrinkling factor is independent of spatial location and time which allows
volume-averaging of the filtered variables in order to provide estimates for the
fractal dimension and inner cut-off scale, since for large ∆+ one assumes that
the variation of the wrinkling factor with filter width is linear on a log-log plot
(power-law behaviour).
Due to the importance of the FSD in combustion research, a large number
of algebraic models for the FSD wrinkling factor have been developed, and a
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thorough comparison of these models can be found in [34]. The best of that
lot, based on the test using 1-step chemistry DNS data in [34], is evaluated in
this study. This model reads,

Ξ = (1 − f ) + f

Γ u0∆
sl

(Df −2)
(14)

where the fractal dimension is evaluated using the heuristic relation of North
and Santavica [32], i.e. Df = 2.05/(u0in /sl + 1) + 2.35/(sl /u0in + 1) where
u0in is the rms turbulent velocity at the inlet. The function f is given by
+
f = 1/ (1 + exp [−60(∆
− 1)]), and

 the other function is given by Γ =
0.75 (∆/δZ )

2/3

exp −1.2(u0∆ /sl )

−0.3

. The DNS result is recovered in the

+

limit of ∆ → 0 because f → 0. This model has been developed by analysing
a large set of one-step chemistry DNS datasets and the model constants were
evaluated using those datasets only. Hence, it serves as an important benchmark case in order to elucidate it’s performance using DNS data of multicomponent fuel with detailed chemistry for the reasons highlighted in section 1.
Also, it is important to note that the wrinkling factor given by Eq. (14) depends on the spatial position because of the presence of the sub-grid velocity
scale u0∆ and the functions f and Γ .
Dunstan et al. [35] also proposed an algebraic model for the filtered SDR
by extending a RANS model proposed in an earlier study [36] and this LES
model is written as,
 2

  2K s
+
σ
c
2 u0∆
c ∂e
c l
e =D
e ∂e
+ 1 − e−θ5 ∆
+
(C3 − τ C4 Da∆ ) c
N
∂xi ∂xi
δl
3∆
βc

(15)

where σc2 = ce2 − e
c2 is the sub-grid variance, and Kc , βc , θ5 , Ci are model
parameters defined in [35]. The heat-release parameter is τ = (Tp − Tr )/Tr ,
where Tr and Tp are the reactant and product temperatures respectively. The
parameter Da∆ is defined as Da∆ = (∆sl )/(u0∆ δl ).√The sub-grid scale turbulent velocity fluctuation is calculated using u0∆ = ug
ei uei /3. The other
i ui − u
parameters are given by,
√
1.5 Ka∆
√
C3 =
,
1 + Ka∆

and

C4 =

1.1
0.4

(1 + Ka∆ )

(16)

where Ka∆ = (u0∆ /sl )3/2 (∆/δl )−1/2 . The sub-grid variance, σc2 , is an unknown
in LES and it is obtained either using an algebraic model or by solving its
transport equation. In this study, it is estimated using σc2 = e
c(1 − e
c). The first
term on the right-hand side of Eq. (15) is the resolved field, and the second
term represents the unresolved sub-grid part. The exponential term in the
sub-grid part ensures that this contribution goes to 0 as ∆+ → 0 recovering
the DNS result.
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A similar SDR model was proposed in [37] to include Lewis number effects
and this number is defined as Le = λ/(ρ cp Dk ) with Dk being the diffusivity
of the species k. This SDR model is,
 2

  2K s
+p
c
2u0 0
c ∂e
σc
c l
0
e =D
e ∂e
+ 1 − e−θ5 ∆
+
(C
(17)
N
−
τ
C
Da
)
∆
3
4
1.88
∂xi ∂xi
3∆
βc
Le δl
where the definitions of the Ci are somewhat different,
√
2 Ka∆
1.2(1 − e
c)φ
√
C30 =
and C40 =
2.57
1 + Ka∆
Le (1 + Ka∆ )0.4

(18)

where φ = 0.2 + 1.5|1 − Le|. It is important to note that the definition of the
Le for multi-component fuel flames is not quite
P straightforward. In this study,
a mass-fraction averaged Le is used i.e. Le = Yk Lek , where Lek is the Lewis
number of species k in the multi-component fuel. For the mixture used in this
study, Le = 0.98, and the parameter p is taken to be 1. The model parameter
βc is particularly important as it affects the contribution of the sub-grid term.
Originally, a constant value of βc = 2.4 was used, but in a later study an
empirical expression was proposed which was derived by analysing DNS data
of a 1-step chemistry premixed flame [39]. This expression reads,

4.6 !
1.05τ
2
,
+ 0.51
(19)
βc = max
2cm − 1 (1 + τ )
where cm is calculated from a laminar premixed flame [39]. This expression
for βc will be used for both SDR models as given by Eqs. (15) and (17).
It is also important to note that the above two models include parameters
which need to be tuned to match the DNS results. In practical LES, this
can be done through a dynamic procedure [39, 40]. The aim of this study is
to investigate whether the filtered FSD and SDR can be modelled using the
above approaches as a first step.

5 Results and Discussion
5.1 Volume-averaged wrinkling factors.
The volume-averaged wrinkling factors are defined as,
hΣi
hΞΣ i = q
∂c̄ ∂c̄
h ∂x
i
i ∂xi

(20)

and
hΞN i =

ei
hN
e ∂ec ∂ec i
hD
∂xi ∂xi

(21)
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for the FSD and SDR respectively. The angle brackets denote the volumeaveraging operation. Figures 2 and 3 show the variation of the volume-averaged
wrinkling factors for the FSD and SDR for cases A-C. The progress variable
c is based on temperature i.e. c = (T − Tr )/(Tp − Tr ). The symbols denote
the DNS data, and the lines are the model predictions using Eq. (12). The
fractal dimension is calculated by fitting a best-fit line through the DNS data
for large ∆+ , and the inner cut-off from the intersection of this fitted line with
the x-axis. The model parameters given in Table 3 are chosen so that the error
between the model and DNS values is minimum.
Firstly, it is important to note that both the FSD and SDR wrinkling factors appear to follow almost a straight line for ∆+ > 1. The FSD inner cut-off
scale is of the order of the laminar flame thickness in accordance with previous studies using one-step chemistry [27, 29]. It is also instructive to compare
the inner cut-off scale with the Gibson scale lg . Assuming Kolmogorov scaling
between the largest and smallest scales,  can be taken to remain constant
across these scales. Hence one can estimate the normalised Gibson scale using
−3
lg /δl = s3l /(δl ) = (u0 /sl ) (lint /δl ). Using the inlet turbulence parameters
listed in Table 1, one obtains lg /δl = 2.2E − 2, 9.94E-4, and 2.258E-4 for cases
A, B and C respectively. Thus, the Gibson scale is many orders of magnitude
smaller than the inner cut-off scale. The inner cut-off scale generally decreases
with increase in turbulence level (compare cases A to C in Table 3) as observed in many earlier studies. For cases B and C, they are almost equal due
to the higher dissipation rate for case C which results in a similar flame front
wrinkling as for case B.
The SDR inner cut-off scale is also of the order of δl (see Table 3) and
shows a similar behaviour for cases A-C as the FSD inner cut-off scale. The
FSD fractal dimensions for cases A and B are almost the same, despite the
higher turbulence level in case B, while the FSD fractal dimension for case C
is larger than both A and B denoting an overall correlation of Df with the
turbulence level. These are both in the region 2 < Df < 3, but larger than
the 7/3 limit indicated in [33], and larger than previous findings for singlecomponent fuels with 1-step chemistry in the same flow configuration [29]. It
is worth noting that a value of 8/3 was proposed as an upper limit for the
fractal dimension by analysing H2 -air flame data with detailed chemistry [30].
The relation of North and Santavica [32] (D = 2.05/(u0 /sl +1)+2.35/(sl /u0 +
1)) predicts an upper bound of 2.35 for the fractal dimension with increasing
u0 /sl and this value is lower than that calculated in this study. The values
given in Table 3 for the SDR are larger than 3 for all cases indicating a nonfractal or multi-fractal behaviour. The SDR fractal dimension for case B is
significantly lower than for case A, and there doesn’t appear to be an overall
correlation with the turbulence level as in the case for the FSD. This could
possibly be because of the multi-fractal behaviour for the SDR which might
become stronger with increased turbulence level. Nevertheless, Eq. (12) gives
reasonable agreement with the DNS data.
The effect of progress variable definition is also highlighted in Figs. 2
and 3 by showing the results for two additional definitions of c using mass
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fractions. These additional results are shown for selected filter widths. The
mass fraction-based c are defined as cO2 = (YO2 − YO2 r ) / (YO2 p − YO2 r ) and
cCO = (YCO − YCOr ) / (YCOp − YCOr ). These species are consumed monotonically in the laminar flame, and are important candidates in the modelling
of syngas flames which usually contain large amounts of both CO and O2 .
Figure 2 shows that there is little difference in the FSD wrinkling factor variation with filter width compared to that for the temperature based progress
variable. In fact, the fractal dimension and inner cut-off scale were found to
be almost identical. In the case of the SDR as one observes from Fig. 3, the
wrinkling factors based on the mass fraction progress variables are slightly
larger: as a result the inner cut-off scale is slightly lower, however the fractal
dimension remains about the same as that for the temperature based progress
variable. This implies that the fractal quantities, the inner cut-off and fractal
dimension, deduced using temperature based c are quite robust and they can
be used to reasonably model FSD and SDR of mass fraction-based c. This
could be because the overall mass fraction-weighted Lewis number is close to
unity.

5.2 Conditional averages
In order to assess the performance of the FSD and SDR closures given in section 4, the conditional averages as obtained from the models are compared
to the conditional averages from the DNS data. This is done for cases B and
C only, which are the two highest turbulence level cases and for the smallest
and largest filter widths (∆+ = 0.2, 5.0) respectively. Figure 4 shows the conditional average of the filtered FSD, normalised using δl , obtained using the
wrinkling factor models in Eqs. (12) and (14) along with the respective DNS
results. Figure 5 shows the conditional average of the filtered SDR both for
the fractal-based model in Eq. (12) and for the algebraic models in Eqs. (15)
and (17).
In the case of the FSD, for small filter widths the models’ predictions are
almost identical and in close agreement with the DNS result. For the largest
filter width, Eq. (14) under-predicts the filtered FSD. In part, this can be attributed to the lower fractal dimension (Df = 2.32 compared to 2.42) predicted
by the empirical relation of North and Santavica [32], however, using the fractal dimension value obtained from the DNS is found to substantially improve
this model prediction. It is not easy to know this (right) fractal dimension
value a priori and thus one must be cautious in using the fractal attributes
deduced using numerical and experimental results of single-component fuels
for multi-component fuel flames, specifically with low heating values.
The various SDR model predictions are similar to the DNS values for the
smallest filter width i.e. ∆+ = 0.2 while for the largest filter width there are
significant differences as one observes in Fig. 5. The fractal-based model shows
the poorest agreement, while the algebraic closures give improved agreement
with DNS results. Out of the two algebraic closures in Eqs. (15) and (17), the
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Le-number corrected version shows improved agreement. Nevertheless, this
model still shows a substantial deviation from the DNS result across all e
c. In
the context of unstrained flamelet modelling the SDR is a crucial term in the
governing equation for the progress variable variance, and it is unclear the
extend to which this discrepancy in an actual LES would affect the results
for such fuels and a posteriori LES evaluation is required for this. However,
there are no experimental data of multi-component fuel combustion for such
an evaluation at this time.

6 Mean reaction rate modelling
It is worthwhile to explore the performance of some common algebraic reaction
rate models originally developed in the RANS context and later extended to
LES (showing encouraging results) for the combustion conditions of this study.
The specific models of interest are algebraic closures for the filtered reaction
rate involving the FSD and SDR. The model involving the SDR was proposed
by Bray for RANS [8],
ẇc =

fc
2ρN
2cm − 1

(22)

fc . This model has been used in the
where a model is required for the SDR N
LES context in [54] showing encouraging performance. Based on the results
discussed in the previous section, one can choose to use the model given by
Eq. (17) which has the smallest error. In order to elucidate the effect of the
SDR model on the closure itself, the explicitly filtered value of the SDR is also
used. The other filtered reaction rate closure is [55]-[58],
ẇc = ρr sl Σ̄ = ρr sl ΞΣ

(23)

where the filtered FSD is modelled using Eq. (3), with the wrinkling factor
model from Eq. (12). These models for the mean reaction rate do not recover
the DNS limit as ∆+ → 0, and bridging functions were proposed in [37] to
recover this limit and these functions were obtained explicitly due to the 1-step
chemistry scheme employed in those analyses. For flames of multi-component
fuels such as the one in this study, it is not quite easy to identify such a bridging
function since the heat release occurs over a wider range of progress variable
values as seen in Fig. 1, with each species contributing a fraction to the total
heat release rate [51, 50]. From a practical LES perspective, the limit of zero
filter width may not be as severe as it sounds, because the filter width dictated
by the numerical grid is typically larger than the laminar flame thickness so
that the sub-grid contribution is larger than the resolved contribution implying
that the bridging function can be neglected [37].
Figure 6 shows the filtered reaction rate conditionally averaged on a given
value of the filtered progress variable, ẇc |e
c, for the models in Eqs. (22) and
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(23). These reaction rates are normalised using ρr , sl and δl . The model values are shown for two scenarios, i.e., by using the filtered FSD, Σ, or SDR,
e , obtained from the DNS and by using their closures. This is done for the
N
largest filter width i.e. ∆+ = 5.0, where the error is expected to be the largest.
Figure 6 shows that for both cases the choice of model for the FSD and SDR
significantly affects the mean reaction rate closure. The FSD-based model
however appears to be less sensitive than Bray’s closure. Both closures give a
qualitatively good agreement with the DNS data, however the best agreement
(and the one having the lowest error based on L2 norm), is Bray’s closure with
the SDR model given by Eq. 17. This is in contradiction with previous findings in the RANS context, where the same closure (with and without the SDR
model) showed a relatively poorer agreement in comparison to the FSD-based
closure [48]. As a result, the SDR model itself appears to be improving the
closure for the filtered reaction rate. Perhaps this would explain the quantitatively good results obtained in the LES of [54] using the Bray closure with
the same SDR model i.e. Eq. (17). This result can be explained by examining
the variation of the SDR as predicted by Eq. 17 shown in Fig. 5. This model
under-predicts the dissipation rate for relatively low e
c values, and over-predicts
the dissipation rate for e
c > 0.4 approximately. In these same regions, Bray’s
closure shows the opposite behaviour as one may see from the results in Fig. 6
(continuous green line). Hence, these two errors cancel out thus improving the
predictions of Bray’s closure when using the SDR model as specified by Eq. 17.

7 Conclusions
A multi-component fuel DNS database with complex chemistry is used in order to assess the performance of algebraic-based FSD and SDR models in the
context of LES. The fuel composition is akin to the composition of blast furnace gas being increasingly used for power generation. This DNS database has
challenging combustion conditions in terms of chemical complexity, flamelet
structure, and turbulence-chemistry interactions. Fractal-based models are examined for the FSD and SDR, and some common algebraic closures for the
filtered reaction rate involving these two quantities.
The fractal-based models for the FSD wrinkling factor show an overall
good agreement with the DNS data for all filter widths tested. The inner
cut-off scale is found to be of the order of the laminar flame thickness, i.e.,
ηi ' δl , and to about 0.5δl with increase in turbulence level while the fractal
dimension is observed to increase with increasing turbulence level. This is in
accordance with previous DNS studies of single-component fuels with one-step
chemistry. However the fractal dimension of the SDR in multi-component fuel
flames is found, in general, to be larger than the previously reported values
for simple fuel flames. Small changes in the fractal dimension are observed
to significantly affect the models’ performance. For the fractal-based SDR
wrinkling factor models, the inner cut-off scale is found to be very close to
the FSD inner cut-off scale but with a larger fractal dimension and this could

Assessment of FSD and SDR closures for turbulent flames of alternative fuels

13

be suggesting that the SDR field has multi-fractal characteristics which need
further investigation. However, one must note that the fractal analysis are
purely based on the kinematics and does not include the dynamics arising from
molecular diffusion which might be more important for the multi-component
fuel combustion compared to combustion of simple fuels.
The algebraic SDR models obtained by extending the RANS counterpart
are found to perform better in comparison with the wrinkling factor-based
closures especially for larger filter widths. The mean reaction rate closure obtained by extending the Bray model for RANS, despite some physical consistency issues in the limit of zero filter width, is observed to give quantitatively
good comparison with the DNS data. However, this limit of zero filter width
may not be realisable in practical LES and thus this algebraic closure may
serve as a good first step in LES of alternative fuel turbulent premixed combustion. All of the observations are based on a priori analysis and one needs
to conduct LES of these multi-component fuel flames for further validation
which would be explored in the future when some experimental measurements
on these flames become available. Nevertheless, a priori testing is a required
first step for model development and validation.
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Fig. 1 Variation of normalised reaction rate of fuel species in the progress variable space
in laminar flames. The solid lines are for a multi-component fuel considered in the DNS, see
Table 2, and the dashed lines are for stoichiometric methane-air flame.
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Fig. 2 Variation of FSD wrinkling factor for cases A-C: symbols are DNS data, lines are
model values obtained using Eq. (12) (with different model parameters).
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Fig. 4 Conditionally-averaged filtered FSD for case B (left) and case C (right): symbols
are DNS data, continuous lines are model predictions using Eq. (12), dashed lines are model
prediction using Eq. (14).
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ẇ¯c · δl /(ρr sl )

0.5
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Case

urms /sl

lint /δZ

Ret

Da

Ka

A
B
C

3.18
9.00
14.04

16.54
16.66
16.43

52.66
150.05
230.69

5.19
1.85
1.17

1.39
6.62
12.97

Table 1: Turbulent flame parameters for the DNS studies.

Case

Tr (K)

φ

p(atm)

CO

H2

H2 O

CO2

CH4

A-C

800.0

1.0

1.0

62.687

1.881

16.000

18.806

0.627

Table 2: Fuel mixture composition (molar percentages).

Case

θ1

θ2

ηi /δl

Df

A-FSD
B-FSD
C-FSD
A-SDR
B-SDR
C-SDR

0.10
0.08
0.06
0.02
0.02
0.02

0.24
0.30
0.38
0.45
0.60
0.70

1.045
0.551
0.576
1.032
0.554
0.589

2.43
2.42
2.58
3.30
3.10
3.40

Table 3: Optimum model parameters for the FSD and SDR.
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