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Abstract— A theoretical analysis is presented of the coupling
of volume and surface fields in electromagnetic structures,
facilitated by two dimensional complex electrodynamic surfaces.
This theory is applicable over a broad frequency range from
mm-wave frequencies through THz to even optical frequencies.
This analysis is fundamental to some of the routes to the
innovation of high power, mm-wave and THz sources, solar cells
and novel subwavelength absorbers.
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I.

INTRODUCTION

One and two dimensional periodic structures have been
applied successfully as Bragg reflectors in a mm-wave free
electron laser [1], i.e. in a ‘fast wave’ source. The present
work has been stimulated by the potential of two dimensional
periodic structures to facilitate the realization of highly
overmoded high power ‘slow wave’ (Cherenkov) sources of
electromagnetic radiation. The results are also applicable to a
range of other electromagnetic applications including to solar
cells and novel subwavelength absorbers. A feature of
electromagnetic cavities bounded by two dimensional
periodic lattice structures (PSLs) is their capacity to support
both volume and surface fields. Under optimum conditions,
the PSLs facilitate the coupling of volume and surface fields
to produce a single high-Q eigenmode [2-6]. When the
dimension transverse to the two dimensional surface structure
is less that an electromagnetic wavelength the PSL can
acquire the characteristics of a ‘metadielectric’ [2].
Interaction of this ‘effective metadielectric’ eigenmode, for
example with an appropriate electron beam, is fundamental
to the innovation of high power radiation sources, with
particular relevance to the mm-wave and THz regions of the
spectrum. The frequency range for which the theory is valid
extends to an even broader range of frequencies than the mmwave and THz regions and the applications in addition to high
power radiation sources also include novel sub-wavelength
absorbers and solar cells.
II.

THEORY

The PSL’s eigenfield for the case of an oversized cylindrical
PSL can be described as a superposition of a well-defined
, volume field and high order
, surface fields. This
theory is also applicable to planar PSLs based on the
assumption that the mean radius of the cylinder is large in
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comparison to the operating wavelength ( ≫ ), which has
been made throughout this analysis. Lattice synchronization
is obtained by launching a near cut-off, symmetric
,
volume mode (where T and 0 are the number of radial and
azimuthal variations respectively) through the structure, or in
the case of planar geometry, by exciting a Fabry-Perot
standing plane wave that exists between the reflecting
surfaces due to scattering of the surface currents. The
cylindrical PSL can be substituted for a smooth waveguide
(bold
with a fictitious magnetic surface current density
font symbols indicate 3-vectors) in place of the corrugation
to describe field coupling or scattering. Assuming is large,
the theory developed for a cylindrical PSL is also relevant to
the study of an equivalent planar PSL. From Maxwell’s curl
equations,
∇
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where
=
and
=
denote respectively the
permittivity and permeability in the ‘effective metadielectric’
material. In the theoretical study we take = 1 and = 1 in
≫
and providing the
the case of vacuum. When
corrugation Δ is suitably shallow Δ ≪
the PSL’s
eigenfield can be described as a superposition of waveguide
modes (where the volume and surface modes have real and
imaginary transverse wavenumbers respectively). The
transverse magnetic H and electric E fields are expanded as a
sum of the waveguide modes H, = ∑ ( ( ), ( ))( , ),
allowing the field inside the finite cylinder to be described as
a slow wave envelope filled with fast varying terms. The field
inside the structure is decomposed as a set of eigenfields,
where ( ) and ( ) are the slowly varying magnetic and
electric eigenfield amplitudes respectively
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Eqs. (1a) and (1b) describe the structure’s fields in their
general form and volume and surface field amplitudes are
introduced later. To describe succinctly the field distribution
inside it is sufficient to define only the magnetic fields as the
electric fields can be derived from them. The total power
transmitted through the structure is defined by integrating the
( × ∗ ) over the cross section. This
Poynting vector
treatment is restricted to consider only the near cut-off
volume mode ( ≈ ) for which → 0 and → ∞. In the
case of a planar system, the structure is assumed to be

infinitely large and edge effects are neglected. In practice,
however, some detuning from the ideal situation where =
exists due to the structure’s finite length. E × ∗ is
implicitly defined by multiplying both sides of Eq.(1a) by the
complex conjugate of the transverse magnetic cut-off mode
( ∗ ). Separating ∇ into its transverse and longitudinal
+
components and substituting the Helmholtz equation ∇
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where denotes the near-cut off volume mode. Imposing
∙ ∗
= 0 if ≠
the orthogonality condition
and integrating over the waveguide’s cross-section , where
is the differential element of surface area, gives the
normalized wave equation. Small diffractive and Ohmic
losses are considered by introducing detuning parameters.
Here, we introduce detuning between the variable frequency
and , (where
is
and the system eigenfrequencies
the cut-off frequency if no corrugation is introduced i.e. pure
volume wave as an ideal solution of Helmholtz equation
while , are eigenfrequencies of the volume and surface
(

=
and
terms of the mean angular frequency,
incorporate into the normalized wave equation. We note
that can be complex and its imaginary part describes the
losses.
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is the wave norm for the volume ( ) and

surface ( ) modes, for which the “−” and “+” signs apply
∙ ∗
denotes a closed
respectively. The integral ∮
surface integration with the boundaries defined by the smooth
boundaries of the unperturbed waveguide.
Due to the structure’s periodicity, it is possible to express the
slowly varying surface field as a complex Fourier series of
the form
( )=∑
( )
where
is the
amplitude of the surface field’s harmonic. Likewise, the
volume field can be written as a complex Fourier expansion
using the approximation , ≅ = 2 ⁄ which equates the
volume field’s longitudinal wavenumber to that of the
structure and corresponds to the case of coherent, coupled
eigenmode formation i.e. minimal detuning. Evaluating the
second order partial differential terms and substituting into
Eq. (3) yields wave equations for the volume Eq. (4a) and
surface Eq. (4b) modes.
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where
is the amplitude of the harmonic of the volume
field. To evaluate the right-hand side of Eq. (4a, b) we must
define ∙ ∗ . A cylindrical PSL with sinusoidal corrugation
= +∆
(
)cos( ) and
azimuthal variations is
equivalent to a smooth cylindrical waveguide when the
= ×
magnetic surface current boundary condition
( ∙ ) +
is satisfied. For planar geometry,
× ×
is substituted with
, where
= 2 ⁄ . Enforcing
∗
∗
this condition gives
∙
=
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where
and
,
,
, are the normal electric and
tangential magnetic field components with complex
conjugates ∗ , and ∗ , . In the case of a
, volume
mode (with no normal electric field component) , = 0 .
Separating , into its volume and surface field constituents
( ) + , ( , ) ( ) and expanding to
, =
, ( )
include the full set of eigenmodes gives
∗
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fields respectively if corrugations are introduced) is
while the detuning between volume and surface modes is ∆=
−
≅
. We note that as corrugations are shallow
≅
while satisfying the Bragg resonance condition =
−
for the near cut-off ( ≅ 0)
, mode, requires
(
)
= . We define the Bragg detuning =
in
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term is now integrated over the cylindrical cross
∗( , )
, where
∙ ,
= ,
∙
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and , =
, . One of the necessary criteria

for volume and surface mode coupling is ∮ ∙ ∗
≠ 0.
This requirement is satisfied by averaging over the period of
fast oscillations from 0 to 2 , neglecting exponential
(oscillating) terms that would otherwise integrate to zero.
A coupled dispersion equation [1,3] describing the structure’s
coupled eigenfield is derived
(
2
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where the normalized coupling coefficient
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and where Λ is the normalised wave vector,
+ 2 + Δ is a variable angular frequency and
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‘renormalized’ detuning parameters with constants , =
(( ) ∓ ( ) )/2 . Solving Eqs. (6) and (7) involves
performing an integral mode calculation around the boundary
cross section. Analytical dispersion diagrams can otherwise
be obtained by treating α and Γ as variable parameters. The
coupling coefficient can then be estimated by comparing
the analytical dispersion diagrams with those obtained from
numerical modelling using CST Microwave Studio.

III.

CONCLUSIONS

A theoretical analysis has been developed of the formation
of frequency-locked coupled eigenmodes in electromagnetic
structures, facilitated by two dimensional complex
electrodynamic surfaces. This analysis provides a formula for
the calculation of the coupling coefficient between the
relevant volume modes and the surface modes. The coupling
coefficient can also be estimated by comparing the analytical
dispersion diagrams with those obtained from numerical
modelling using CST Microwave Studio.
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